IGUSA STACKS AND THE COHOMOLOGY OF SHIMURA
VARIETIES
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ABSTRACT. We construct functorial Igusa stacks for all Hodge-type Shimura
varieties, proving a conjecture of Scholze and extending earlier results of the
fourth-named author for PEL-type Shimura varieties. Using the Igusa stack, we
construct a sheaf on Bung that controls the cohomology of the corresponding
Shimura variety. We use this sheaf and the spectral action of Fargues—Scholze
to prove a compatibility between the cohomology of Shimura varieties of Hodge
type and the semisimple local Langlands correspondence of Fargues—Scholze and
to generalize the Eichler—Shimura relation conjectured by Blasius—Rogawski to
Iwahori level at p. When the given Shimura variety is proper, we show moreover
that the sheaf is perverse, which allows us to prove new torsion vanishing results
for the cohomology of Shimura varieties.

CONTENTS

1. Introduction

1.1. Main geometric results

1.2. Main cohomological results

1.3. Torsion vanishing

1.4. Integral refinement of Theorem [I]

1.5.  Organization of the paper

1.6. Notation and conventions

1.7.  Acknowledgements

2. Preliminaries

2.1. The Fargues—Fontaine curve and v-sheaves
2.2.  Some Bruhat—Tits theory

2.3. Local Shtukas

2.4. Dieudonné theory

2.5. Formal quasi-isogenies

3.  Witt vector shtukas and isocrystals

3.1.  Witt vector shtukas

3.2.  v-local existence of lattices

4. The Igusa stack conjecture

4.1. Canonical integral models for Shimura varieties
4.2. TIgusa stacks

4.3. Perfect Igusa varieties

4.4. Igusa varieties in the perfectoid setting

HHHEREENEEBHEEHEENBEoaome



2 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

=3
o

4.5. A product formula
5. Shimura varieties of Hodge type 38
5.1. Recollection on integral models

5.2. The definition of the Igusa stack

5.3. Comparison of crystalline tensors

6. Proof of Theorem [VIII

6.1. Pappas—Rapoport uniformization

6.2. The case of a geometric point of rank one
6.3. The case of a product of geometric points
6.4. Points of the Igusa stack

6.5. The reduction of the Igusa stack

7. Functoriality

7.1.  Functoriality in parahoric group schemes
7.2.  Change-of-parahoric morphisms

7.3. Independence of choices

8. Cohomological consequences

8.1. Etale sheaves on Bung

8.2.  Weil group actions

8.3. The dualizing sheaf of the Igusa stack
8.4. The cohomology of Shimura varieties

8.5. Mantovan’s product formula

8.6. Perversity

9. The Eichler—Shimura relation

9.1. Spectral action

9.2. Proof of Theorem [l

9.3. The Cayley—Hamilton theorem

9.4. Hecke polynomials

10. Generic part of the cohomology

10.1. t-exactness of Hecke operators

10.2.  On the t-exactness conjecture of Hamann—Lee
10.3. An example

References

BHEEERERBEEERE

‘
S

== = = .
EEEEEEERE:=EE

=
=

HEH



IGUSA STACKS AND THE COHOMOLOGY OF SHIMURA VARIETIES 3

1. INTRODUCTION

Fix a prime p. In their seminal work [CS17], Caraiani and Scholze prove tor-
sion vanishing results for the generic part of the cohomology of compact unitary
Shimura varieties. A key geometric ingredient in their proof is the Hodge—Tate
period morphism

THT : Sth(G,X) — 9@,

which was originally defined and studied in [Sch15]. Here Shg» (G, X) is the p-adic
perfectoid Shimura variety with infinite level at p, and %#¥ is the corresponding flag
variety. As a crucial ingredient in their proof, Caraiani and Scholze show that the
pushforward Ryt «[F, is perverse in a suitable sense.

Subsequently, Fargues conjectured in [Farl6l Section 7] that the sheaf Rryr Qy
on .%¢ can be obtained by pulling back a sheaf on Bung along the Beauville-Laszlo
map BL: ¢ — BungH Scholze, in turn, suggested that this can be explained by
the existence of a so-called Igusa stack Igsgp»(G, X) sitting in a Cartesian diagram

70
Sh» (G, X)¢ —11, 240
(10]‘) J{qlgs lBL
Igs g (G, X) T, Bung.

This conjectural v-stack receives its name because, in a sense, it interpolates Igusa
varieties associated to different Newton strata, which are themselves important geo-
metric objects in the study of the global Langlands conjecture, see e.g., [HTO01],
[Man05], [Shi09], [CS17, [CS24]. Given the Cartesian diagram (1.0.1), the aforemen-
tioned conjecture of Fargues follows by applying base change to see that the sheaf
Rryr «Qg is the pullback of Rmyt «Q along BL.

In this paper, we realize this vision by proving the existence of Igs (G, X) for all
Hodge-type Shimura varieties, without restriction on p, generalizing results of one
of us (MZ) for PEL-type AC Shimura varieties [Zha23].

Main Theorem (Theorem[l). For all Shimura data (G, X) of Hodge type, there is
a v-stack Igsyp (G, X) on Perf fitting into the Cartesian diagram (1.0.1]) E|

From this theorem we obtain several cohomological applications. In particular,
we prove a compatibility between the cohomology of Shimura varieties of Hodge
type and the Fargues—Scholze local Langlands correspondence, and we generalize
the classical Eichler—Shimura relation conjectured by Blasius and Rogawski at hy-
perspecial level. When the given Shimura variety is compact, we moreover show
that Ryt .Fy is perverse for the perverse {-structure on Bung ,-1 given by its
Harder—-Narasimhan stratification. In combination with results of Hamann and
Hamann—Lee, see [Ham23|, [HL23], this leads to new torsion vanishing results for

1y fact, Fargues gives a conjectural description of this sheaf on Bung.

2Note that when the Shimura variety for (G, X) is not compact, one replaces it with its good
reduction locus in the diagram (|1.0.1)), see § for a more precise statement.



4 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

the cohomology of some compact Shimura varieties. Let us now explain our results
in detail.

1.1. Main geometric results. Let (G,X) be a Shimura datum of Hodge type
with reflex field E. Let p be a prime number, let v be a prime of E above p and set
E=E,and G = G®Q,. Let K? C G(A]}) be a neat compact open subgroup and for
K, € G(Qp) a compact open subgroup we consider the Shimura variety Shg (G, X)
of level K = K, K? over E. There is an open subspace (the “good reduction locus”)

Sh (G, X)>™ C Shg (G, X)™"
of the adic space Shx (G, X)*" associated with Shy (G, X), which is compatible with
changing the level K. Let Perf denote the category of perfectoid spaces of charac-
teristic p. We let Stha(G,X)O’<> - Sth(G,X)<> be the corresponding objects with
infinite level at p, considered as diamonds. These come equipped with a Hodge—Tate
period map

i Shie(G,X)? — Grg 1,

where Grg -1 (this is Z¢0 from (L.0.1)) is the Schubert cell in the B[j-affine
Grassmannian corresponding to the inverse of the Hodge cocharacter u. Let Bung
denote the stack of G-bundles on the Fargues—Fontaine curve. Finally we need the
Beauville-Laszlo map BL : Grg -1 — Bung, whose image is an open substack

Bung -1 of Bung, see Section [2.1.6]

Theorem I (Theorem [6.0.1],8.3.1} (7.3.2)). There is an Artin v-stack 1gsg» (G, X) on
Perf sitting in a Cartesian diagram

=y
Shi»(G,X)”" —" Grg

lQIgs lBL

Igsp (G, X) — 1T, Bung 1.

Furthermore, for all £ # p, the stack 1gsy»(G,X) is £-cohomologically smooth of
dimension 0, and Igsg»(G,X) XspdF, SpdF, whose dualizing sheaf is constant in
degree zero. Moreover, the formation of 1gsy» (G, X) is functorial for morphisms of
tuples (G,X,U,KP)H

This confirms a conjecture of Scholze, see [Zha23|, Conjecture 1.1.(4)]. For (G, X)
a Shimura datum of PEL type such that p is an unramified prime for the PEL
datum, this result was proved by one of us (MZ) as part of [Zha23l Theorem 1.3]E|
If Shy (G, X) is proper, then Shy»(G,X)*® = Shg»(G,X)? and we recover the
Cartesian diagram . For non-proper Shimura varieties, we expect that there is

3The Igusa stack depends on the choice of place v|p of E, although we omit this from the notation.
The functoriality we prove is for morphisms f : (G,X) — (G',X) with f(KX?) C K” such that under
the induced inclusion E' C E the place v of E induces the place v" of E'.

4Although strictly speaking the results in [Zha23] are for the PEL type moduli spaces constructed
by Kottwitz, which are generally disjoint unions of finitely many Shimura varieties.
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a version of Theorem [6.0.1] for the minimal compactification of the Shimura variety,
see [Zha23| Theorem 1.3] for the PEL type case.

1.2. Main cohomological results. Let (G, X) be a Shimura datum of Hodge type
with reflex field E, fix a place v of E above a rational prime number p and set ¥ = E,
and G = G® Q, as before. Choose a prime ¢ # @ let A =Z; and let K C G(Ay)
be a neat compact open subgroup. For a compact open subgroup K, C G(Q,) we
let K = K,KP and consider the cohomology complex RI'¢;(Shg (G, X)z, A). This
has a right action of the local Hecke algebra Hy, = Hg,(G(Qp), A); we write Z,
for its center. Let L € {Fy,Q,}, let x : Zk, — L be a character and consider the
representation of the Weil group Wg of E given by

W(x) == Hy(Shg (G, X)5,A) @z, L
for some ¢. Finally let us write
¢y : Wo, — G(L) x Wg,

for the Fargues—Scholze L-parameter associated to x, and

7y G(L) x Wg — GL(V,)(L)
for the representation determined by p, see Section [8:4.8] The following is our first
main cohomological result, and we remark that its statement and proof are inspired
by the analogous result for local Shimura varieties, see [Kos21al, Theorem 6.2].

Theorem II (Theorem [9.2.1)). If the order of mo(Z(G)) is coprime to £, then each
irreducible L-linear Wg-representation occurring as a subquotient of W'(x) also

occurs as a subquotient of r,, o ¢X|WE'

This generalizes [Kos2lal Theorem 6.2], which additionally assumes that
Shg (G, X) is proper and that Mantovan’s formula holds. If we specialize Theorem
to hyperspecial K, and L = Qy, then this is closely related to the Eichler-Shimura
relation conjectured by Blasius-Rogawski (see [BR94, Section 6]), which states that
for a certain Hecke polynomial H,(X) € Hg,[X] the evaluation H,(Frob) in a
Frobenius element of Wy acts trivially on HY, (Shg (G, X)5, Q) for all 4. The con-
jecture of Blasius—Rogawski was proved earlier by Wu, see [Wu21l, Corollary 1.2] by
proving the S = T conjecture of Xiao—Zhu, see [XZ17, Conjecture 7.3.13]. There
are many earlier partial results towards the conjecture, see e.g. [Lee2l], [Kos21al,
[Li18], [Kos14], [BW06], [Moo04], [BO2], and [FCI0Q)].

Remark 1.2.1. The assumption on the order of my(Z(G)) in Theorem [II| is very
mild. Many typical examples of Shimura varieties of Hodge type have connected
center, in which case the assumption is vacuous.

5Although our current applications only concern the ¢-adic/mod ¢ cohomology of Shimura vari-
eties with constant coefficients, Theorem [[|is a geometric result and hence is robust under changing
coefficient systems. We therefore expect that our method can be applied to more general étale local
systems. In fact, it might be possible to take coherent sheaves as coefficients. The latter might
shed light on p-adic/mod-p local Langlands, provided that a suitable framework for these sheaves
is available.
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We record the following version of the Eichler—Shimura relation at Iwahori level
(cf. [Kos2lal Theorem 1.1], which is the corresponding result for local Shimura
varieties). To state it, we note that for an Iwahori subgroup Kz/7 C K, there is a
natural Bernstein morphism Hg, — Hy;, see e.g. [Bou2l], identifying the image
with the center of H K- In particular, we can consider H,, as an element of H K-

Theorem III (Theorem. Suppose that K}’7 is an Twahori subgroup contained
in a hyperspecial subgroup K. If the order of mo(Z(G)) is coprime to ¢, then the
inertia group Iy C Wg acts unipotently on HY,(Shg (G, X)g, A) for alli. Moreover,
the action of a Frobenius element Frob € Wg on RI4(Shg/ (G, X)5, A) satisfies
H,,(Frob) = 0.

The assumption that Kz/> is contained in a hyperspecial subgroup comes down
to assuming that G, is quasi-split and split over an unramified extension. This
assumption is probably not necessary, but simplifies our arguments.

Remark 1.2.2. If G is quasi-split and tamely ramified, then we can combine The-
orem [II| with [DL22, Corollary 1.1.1]E| to get the following result in the context of
Theorem [T} If x is the character corresponding to a depth zero irreducible smooth
representation of G(Q,) over L, then the Wg action on W¥(x) is tamely ramified.

1.2.3. Let us sketch the proof of our cohomological results. We fix a torsion
Zg-algebra A and a square root of p in A. We define a complex of sheaves in
D(BunG,u—l,Fp7A) by
F = RﬁHT,pr*A.
We write jufp for the inclusion of Bunc,u—l,ﬁp s BunG,Fp; then j#ﬁp,!]: defines a
complex of sheaves on D(Bun,, 7, A).
The representation V), defines a Hecke operator
BW,
T, : D(BunGjp, A) — D(BunGFp,A) B
where the superscript BWg roughly denotes objects with an action of Wg. Pulling
back along the inclusion ¢; of the neutral stratum BuanF into Bun,, F, We get a
W p El
complex of A-modules with commuting G(Q,) and Wg-actions. We then prove the
following theorem.

Theorem IV (Theorem [8.4.10)). There is a G(Qp) x Wg-equivariant isomorphism
z’*l‘ﬁpTuj#Fp’!(]—“[—d])(—%) ~ Rl 4(Shgr(G,X)5, A),
where [—d] denotes a shift and (—%) a Tate twist.

To be more precise, Theorem [[V] is proved in two steps. First we compare
i 5 Tuj, F, F to the cohomology of R4 (Shk» (G, X)O(jo7 A), where C' is the comple-
3 p Y kA

tion of F, using the six functor formalism of [Sch17] and [FS24]. We then compare

6We note that [DL22, Corollary 1.1.1] is conditional on work in progress of Scholze on a “motivic
version” of [FS24].
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the result to the cohomology of the Shimura variety using the work of Lan—Stroh
[LS18a)], see Lemma We remark that the main subtlety in the first compari-
son lies, somewhat surprisingly, in proving the Wg-equivariance, or more precisely
the equivariance for the action of Frobenius.

1.2.4. We now sketch our proofs of Theorems II and III. Let p be the G(Qp)
conjugacy class of characters determined by X and the place v of E over p. The
cocharacter p determines a Wg-equivariant vector bundle V), on the stack X5 of

G-valued L-parameters of Wo, (as in [DHKM20]), where G is the Langlands dual
group of G over A equipped with its action by the Weil group Wg,. Using Theorem
and the spectral action of [FS24, Section IX], we deduce that the algebra of en-
domorphisms of V,, acts on RI'¢;(Shx (G, X)z, A) compatibly with the Hecke action
and Weil group action, see Corollary for the precise statement. That such an
action exists is predicted by the philosophy of Zhu, see [Zhu20), Conjecture 4.7.16].
Given this action, we then prove Theorem [II| by adapting arguments from [Kos21a].

To prove Theorem [[TI, we need to prove some results about the unramified local
Langlands correspondence in families, which are presumably well known to experts;

this happens in Section

Remark 1.2.5. One could instead work directly with A € {Z;,Q,}, using the for-
malism of lisse-étale sheaves of [ES24] Section VIL.6], by defining F to be RTHT jis « A-
This would allow us to remove the condition on 7o(Z(G)) for A = Q,. It is possible
to prove a version of Theorem for lisse-étale sheaves, but we have decided not
to include this for the sake of brevity.

1.2.6. We also prove a Mantovan product formula for RI'¢(Shg»(G,X)5, A), see
Theorem [8:5.7} This expresses the cohomology of the Shimura variety in terms of
the cohomology of Igusa varieties and the cohomology of local Shimura varieties,
and generalizes [Man04, [Man05, [HK19, Kos21bl, [HL.23].

1.3. Torsion vanishing. Recall that a crucial ingredient in the proof of the main
torsion vanishing result in [CS17] is a perversity result for Rmyr . [Fy, see [CSIT,
Proposition 6.1.3]. As a corollary to Theorem [I] we obtain a perversity result for
F = RﬁHT,Fp,*F@ where Tyt is the map Igsy (G, X) — Bung -1 from Theorem
and £ # p.

Theorem V (Theorem [8.6.3)). Assume that G splits over a tamely ramified exten-
sion of Q, and that p is coprime to 2 - m1(GI). If Shy (G, X) — Spec E is proper,
then for £ £ p the complex

.F S D(BunG”u_17Fp, ]FZ)
lies in the heart of the perverse t-structure on D(Bun, = FP,E).

Here we use the perverse ¢-structure on D(Bung = FP,E) given by its Harder—
Narasimhan stratification, see Section for detials. To prove Theorem [V] we
use the Cartesian diagram of Theorem [[| to show that the restriction of F to a

Newton stratum Bun[Gb] C Bung can be identified with the étale cohomology of a
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(perfect) Igusa variety for that Newton stratum. The first half of our perversity
result then follows from Artin vanishing once we show that Igusa varieties are affine
of the expected dimension, and the other half follows from our computation of the
dualizing sheaf of Igsy (G, X) in Theorem [[|along with Verdier duality. The affineness
is proved in the forthcoming PhD thesis of Mao, see [Mao24]. The computation of
the dimension of Igusa varieties requires a further assumption on G in order to
access the theory of local model diagrams, see Remark below.

Remark 1.3.1. The assumption that G splits over a tamely ramified extension of Q,
and that p is coprime to 2-71(G4°") can be relaxed at the expense of introducing more
notation, see Proposition More generally, the assumption can be replaced by
Conjecture which seems to be within reach for p > 5.

Remark 1.3.2. It is necessary to assume that Shx (G, X) — Spec E is proper for
the conclusion of Theorem [8.6.3| to hold. For non-proper Shimura varieties, we only
expect a semi-perversity result for a (conjectural outside the PEL case) minimally
compactified version of Igs (G, X) — Bung ,-1.

1.3.3. Recall from Theorem [[V] that the étale cohomology of the Shimura variety
can be computed from the perverse sheaf R7yr .[F, by applying the Hecke operator
T},. The cohomology of the Shimura variety is typically not concentrated in a single
degree, which reflects the fact that T}, is typically not t-exact for the perverse t-
structure. However, if we localize at a semisimple L-parameter ¢ such that T},
1s t-exact on the ¢-localized category of sheaves on Bung, then we find that the
cohomology of the Shimura variety, localized at ¢, is concentrated in middle degree.
We will make this observation precise below.

Let £ # p be a prime. Let K, C G(Q,) be a hyperspecial subgroup and let H,
denote the Fy-valued spherical Hecke algebra for G(Q,) with respect to K,. Let E
be an algebraic closure of E, then H, acts on the cohomology H} (Shx (G, X)g, Fy)
for all K? C G(AI}). Let m C Hg, be a maximal ideal and let ¢y, be the associated
semisimple L-parameter.

Theorem VI (Theorem [10.1.6). Assume that p is coprime to 2w (GT). Assume
moreover that Shy (G, X) — Spec E is proper and that £ is coprime to the pro-order

of K. If ¢ satisfies Assumption|10.1.4), then
4(Shi (G, X)g, Fy)m = 0
unless i = d, where d is the dimension of Shx (G, X).

Assumption for ¢n states that the Hecke operator T), is t-exact on the
dm-localized category D(Bung,Fy)s,., see Section This is conjectured to be
true if ¢n is of weakly Langlands—Shahidi type in the sense of [HL23| Definition 6.2],
see [HL23| Conjecture 6.4].

The conjecture is proved in [HL23, Theorem 4.20], under a somewhat long list
of assumptions on ¢n, G and ¢. If G is a split reductive group, then (a version
of) the conjecture holds under [Ham23, Assumption 7.5]; we prove this following a
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suggestion of Hamann, see Proposition [[0.2.4] The latter assumption is known for
split groups of type A and Cs.

Remark 1.3.4. Theorem generalizes the compact case of [HL23, Theorem 1.17].
In particular, it is a generalization of [CS17, Theorem 1.1].

As explained in [HL23| Section 5.2], Theorem implies a torsion vanish-
ing result for Shimura varieties (G, X2) of abelian type with the same connected
Shimura datum as (G, X). For example, if G$¢" is simply connected, then there is
always a Shimura datum of Hodge type (G, X) with the same connected Shimura
datum as (G, X3). In Section we work out an explicit example of unconditional
torsion vanishing results for compact abelian type Shimura varieties of type Cos.

1.4. Integral refinement of Theorem[I} Rather than proving Theorem|[l]directly,
we instead derive it from a stronger result on the level of integral models. For a
parahoric model G of G over Z, we write K, = G(Z,) C G(Q,), and for K? C
G(A?) a neat compact open subgroup we write K = K,K?. Let O be the ring of
integers of F, then the Shimura variety Shx (G, X) of level K over E has an integral
model .7k (G, X) over O, uniquely characterized by [PR24, Conjecture 4.2.2], see
[DvHKZ24, Theorem I] and [PR24, Theorem 4.5.2].

Let Perf denote the category of perfectoid spaces over I, and let Shtg , — Spd Op
denote the stack on Perf of G-shtukas bounded by p. As part of the characterization
of Sk (G, X) there is a morphism

Terys,g . Ik (G, X)® — Shtg .,

where .7 (G, X)? is the v-sheaf over Spd O associated with the p-adic completion
of .7k (G, X). We moreover recall the morphism BL° : Shtg ,, — Bung.

Theorem VII (Theorem Remark [6.0.2). For every parahoric model G of
G over Q, there is a morphism qigsg : Lk (G,X)° — Igsgr (G, X) which fits in a
Cartesian diagram

T (G, X)° %, Shtg ,
(1.4.1) Jqlgs,g JBL"
Igspr (G, X) THT, Bung 1.
We deduce Theorem [I| from Theorem by pulling back the top row of (|1.4.1))
along

GrG,u—l — |:GI'G,#—1 /&} ~ Shtg,u,SpdE — Shtg,u,

and using the fact .k (G, X)® Xgpa0, Spd E gives ShK(G,X)O’O, see Lemma
When (G, X) is a Shimura datum of PEL type and K, is hyperspecial, then Theorem
was proved by one of us (MZ) as part of [Zha23| Theorem 1.3].

Remark 1.4.1. Let us point out that Theorem [VII| requires no restriction on the
prime p and no technical assumption on either of the groups G or G. In particular,
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we do not need to assume that G splits over a tamely ramified extension or that G
is a stabilizer parahoric (both of which are common assumptions in the literature
on integral models of Hodge-type Shimura varieties). This level of generality is
enabled by the construction of canonical integral models of all Shimura varieties of
Hodge type. This is done for stabilizer parahorics G in [PR24], and in general in
our companion paper [DvHKZ24].

1.4.2.  Let us briefly sketch the proof of Theorem [VII] For this, it will be convenient
for us to work with (G, X)°, the inverse limit of .%% (G, X)® over compact open
subgroups K? C G(A?). We then define Igs(G, X) as the quotient of .7k, (G,X)°
by an equivalence relation (so it is a sheaf, as opposed to Igsy» (G, X), which will
genuinely be a stack), see Definition

To describe this equivalence relation, we make use of the family of abelian varieties
A — k,(G,X)® coming from a choice of Hodge embedding (G,X) — (Gy,Hy),
see Section Roughly speaking, we say that two points x,y : Spd(R,R") —
Yk, (G, X)® are equivalent if there is a quasi-isogeny between the abelian varieties
A, and Ay over RT /w respecting the extra structures arising from the embedding
G — Gy, for some pseudouniformizer @ of RT.

To prove the fiber product formula for Igs(G, X), we make crucial use of Rapoport—
Zink uniformization for pr(G,X)Q as proved by Pappas—Rapoport and Gleason—
Lim—Xu, see [PR24, IGLX23]. Roughly speaking, this uniformization result can be
used to show the fiber product formula one Newton stratum at a time, or on the
level of rank one geometric points, see Corollary

To complete the proof, it suffices to work locally in the v-topology, and so we
reduce to checking the diagram is Cartesian on S-points, where S is a so-called
“product of geometric points”, see Section [6.3] in particular Proposition At
this point, we make important use of Theorem [VIIin the case of (G,X) = (Gy, Hy);
this was proved in earlier work of one of us (MZ) in [Zha23]. We combine this fact
with a subtle technical argument to reduce from S-points to the case of rank one
geometric points.

Remark 1.4.3. While the proof of Theorem [VII|is in many ways inspired by the
proof of [Zha23, Theorem 1.3], the arguments differ significantly. The fundamental
difficulty in moving to the Hodge-type case lies in the fact that, unlike the PEL-type
case, integral models of Hodge-type Shimura varieties are not moduli spaces. As a
result, we do not have access to explicit arguments using formal abelian schemes,
and instead we must make use of recent advances in the p-adic geometry of Shimura
varieties such as the results of [PR24] and |[GLX23| mentioned above.

1.4.4. Functoriality. From its construction, it is not a priori obvious that the Igusa
stack is independent of the choice of K, and the choice of Hodge embedding
(G,X) = (Gy,Hy). In order to prove independence from these choices we prove
the functoriality stated in Theorem [}

For this we first prove functoriality in the case where the given morphism of
Shimura data (G, X) — (G, X’) extends to a morphism of parahoric group schemes
G — G’ (see Corollary , using some key ideas from Kisin—Zhou’s proof of
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functoriality for .k (G, X) [KZ21l, Section 5.3]. We then prove that the transition
morphisms between Igusa stacks at varying level are isomorphisms (Proposition
and apply contractibility of the Bruhat—Tits buildings to prove independence
of Igsi» (G, X) of the choice the parahoric subgroup, see Propositionm This then
allows us to extend functoriality to the case of an arbitrary morphism of Hodge-type
Shimura data, see Theorem Since the functoriality holds for arbitrary choices
of Hodge embeddings for (G, X) and (G, X), we can then apply it to the identity
(G, X) = (G, X) to deduce that the Igusa stack is independent of the choice of Hodge
embedding.

We expect that our functoriality results will be a crucial ingredient in extending
our construction of Igusa stacks from Shimura varieties of Hodge type to Shimura va-
rieties of abelian type. Indeed, Shimura varieties of abelian type can roughly be con-
structed by taking a quotient by Deligne’s group 7 (G) of a disjoint union of copies
of a connected component of an associated Hodge-type Shimura variety, and the
functoriality proven here allows us to construct an action of &7 (G) on Igs(G, X). We
remark that only a smaller integral variant acts on the integral models #f, (G, X).

1.4.5. Reduction and isogeny classes. In Theorem we give an explicit descrip-
tion of the stack Igs(G, X)red on the category of perfect F,-algebras, given by sending
R to Igs(G,X)(Spd R), see Theorem [6.5.1] This stack fits in a Cartesian diagram
involving the perfect special fiber of the Shimura variety, the stack of Witt vector G-
shtukas in the style of Xiao—Zhu (see [XZ17], [SYZ21]) and the stack of G-isocrystals.
Both these results will be used in future work of Sempliner and one of us (PvH) to
reinterpret a conjecture of [XZ17] in terms of our Igusa stacks, see Remark
We moreover use it to show that G(A’})—orbits in Igs(G, X)(SpdF,) are in bijection

with mod p isogeny classes in . (G, X)(F,), see Remark

An important input in the proof of Theorem is Proposition [3.:2.3] which
may be of independent interest. This proposition shows that Shtg ,(Spd R) —
Bung ,-1(Spd R) is essentially surjective for R a product of absolutely integrally
closed valuation rings. These rings form a basis for the v-topology on the category
of perfect Fp-algebras, see Lemma [3.0.2}

1.5. Organization of the paper. Let us provide a brief guide for navigating the
paper and highlight some results not mentioned to this point.

In Sections 2] and [3] we recall some important notions from the study of the
Fargues—Fontaine curve and Bruhat—Tits theory, review and establish properties of
local shtukas for parahoric and quasi-parahoric group schemes over Zj,, and specify
our conventions regarding Dieudonné theory.

In Section [4], we state a precise conjecture on the existence of an Igusa stack for
any canonical integral model of a Shimura variety in the sense of [PR24]. We also
show how the existence of such an Igusa stack implies the existence of Igusa varieties
in the setting of perfect and perfectoid geometry, and we establish some expected
results in the perfectoid setting, including a comparison with fibers of the Hodge—
Tate period morphism. In Section [5, we define the Igusa stack in the Hodge-type
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case, after recalling the construction of canonical integral models for Hodge-type
Shimura varieties.

Our main geometric results are proved in Sections[6land [7] In particular, Section
[6] is devoted primarily to the proof of Theorem [VII] and it closes with an explicit
computation of the reduction of the Igusa stack. In Section[7] we prove functoriality
of the Igusa stack in morphisms of Shimura data, as well as independence of the
choices of Hodge embedding and parahoric subgroup.

Sections [§] through [10] contain our cohomological consequences. In Section |8 we
prove the remaining statements in Theorem [, Moreover, we prove Theorem [[V] and
prove a Mantovan-type product formula at infinite level. We close this section by
proving Theorem [V] In Section [9] we apply the results of Section [§ to prove Theorem
[0 as well as Theorem [[T]} Finally, in Section [I0] we prove our cohomological torsion-
vanishing result, Theorem [VIL We conclude with an explicit example of our torsion
vanishing result in an abelian-type case.

1.6. Notation and conventions. Our notation and conventions will be introduced
and recalled throughout the body of this text. We want to emphasize a number of
conventions below, especially regarding Hodge cocharacters.

1.6.1. We will denote Shimura data and their reflex fields by sans serif fonts, e.g.,
(G, X) for a Shimura datum and E for its reflex field. For a prime p and a place v of
E above p, we will write E for the completion of E at v, which has ring of integers
Of and residue field k5. We will then write G for the base change of G to Q,, and
G for a parahoric group scheme over Z, with generic fiber G.

Our (conjugacy class of) Hodge cocharacter(s), normalized as in [Kis17, Section
1.3.1], is denoted by p and is defined over E. We consider this as a G (@p)—conjugacy
class using the place v of E. We use Grg to denote the B;R—aﬂ[ine Grassmannian
of Scholze-Weinstein, with its stratification by Schubert cells as defined in [SW20,
Definition 19.2.2]. The Shimura variety over E with infinite level at p has a Hodge—-
Tate period map with target in Grg ,-1. Its Newton stratification is moreover
indexed by the p~!-admissible set B(G, 1) C B(G). The diamond .7k (G, X)° has
a crystalline period map with target Shtg ,, the stack of G-shtukas bounded by .
These conventions all agree with those of [PR24].

The perfect special fiber of /% (G, X) has a crystalline period map with target
Shtg{w the stack of Witt vector G-shtukas bounded by u. The stack Shtgu does

not quite agree with either Sht'S. of [SYZ21], Definition 4.1.3] or Shti?c of [XZ17,
Definition 5.2.1], see Remark

1.7. Acknowledgements. We are grateful to Ana Caraiani, Jean-Francois Dat,
Laurent Fargues, lan Gleason, Thomas Haines, Linus Hamann, Thibaud van den
Hove, Christian Johansson, Kai-Wen Lan, Si Ying Lee, James Newton, Emanuel
Reinecke, Peter Scholze, Jack Sempliner, Matteo Tamiozzo, Richard Taylor, Alex
Youcis, Bogdan Zavyalov, Zhiyou Wu, and Xinwen Zhu for helpful conversations
and correspondences. Various ideas for this project were conceived at the 2022
THES Summer School on the Langlands Program and the HIM Trimester Program
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also to the TAS for hosting the first, third, and fourth authors during a portion of
the editing of this manuscript. The second-named author gives special thanks to
Yau Mathematical Sciences Center and the Morningside Center for Mathematics for
inviting him to give a number of talks about this project.

2. PRELIMINARIES

2.1. The Fargues—Fontaine curve and v-sheaves. This section is intended pri-
marily for the purpose of establishing notation. For a more detailed account, we
refer the reader to [DvHKZ24| Section 2.1] and the references therein. Throughout
this section, we fix a perfect field k of characteristic p. For such a k, we denote by
Perf, the category of affinoid perfectoid spaces over k. If k = IF,, we will write Perf
rather than Perfp,.

2.1.1. v-sheaves associated with adic spaces. If X is a pre-adic space over Spa Z, in
the sense of [SW20, Section 3.4], we let X¢ denote its associated v-sheaf, i.e.,

X0(8) = {(5% f)} /isom.

for any S in Perf, where S* is an untilt of S and f : S* — X is a morphism of pre-adic
spaces, see [SW20), Section 18.1]. For a Huber pair (A4, A™) we write Spd(4, A™) in
place of Spa(A, AT)?, and when AT = A° we write Spd A instead of Spd(A4, A™).

If X is now a Zy,-scheme, we follow the convention of [AGLR22, Section 2.2]
and denote by X° and X the two different v-sheaves naturally associated with X.
When X = Spec A is affine and S = Spa(R, R") is affinoid perfectoid, these are
given by

X°(S) = {(Spa(R*, R*"), f : A — R**)}/isom.,
and
X9(S) = {(Spa(R*, R*"), f : A — R*)}/isom.,

respectively, where Spa(Rﬁ, RH) denotes an untilt of S, and in each case f denotes
a ring homomorphism

2.1.2. Formal schemes. By a formal scheme, we mean a locally topologically ringed
space that is locally isomorphic to Spf A, where A has a complete and separated
I-adic topology for I a finitely generated ideal (but A need not be Noetherian).
As noted in [SW13l, Section 2.2|, formal schemes over SpfZ, can be equivalently
thought of as functors on Zjy-algebras in which p is nilpotent, and moreover there
is a fully faithful functor from the category of formal schemes over SpfZ, to the
category of pre-adic spaces over Spa Z,.

For a formal scheme X over Spf Z,, we write x24 for the pre-adic space associated
to X as in [SW13| Proposition 2.2.1], and we often abbreviate (%24)% to X°.

"Note that in [PR24], the notation (—)* is used in place of (—)°.
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Definition 2.1.3. For X a formal scheme over SpfZ,, we define X9Pre to be the
presheaf on Perf sending (R, RT) to the equivalence class of triples (R*, R, f),
where (R, R*") is an untilt of (R, RT) and f: Spf R* — X.

Lemma 2.1.4. Let X be a formal scheme over Spf Z,,, which locally admits a finitely
generated ideal of definition. Then X9/ Spd Zy, is the analytic sheafification of the
presheaf on Perf given by X0Pre,

Proof. It suffices to check in the case X = Spf A, where A is some adic Z,-algebra
with finitely generated ideal of definition containing p. Then by definition an S =
Spa(R, R*)-point of X% amounts to an untilt (S*%,.) of S and a map f : S* — ¥2d,
but X* = Spa(A, A), so the datum of f amounts to a map of affinoid (Z,, Z,)-
algebras (A, A) — (R*, R*"). But such maps are determined by continuous maps
A — R' . which are the same thing as morphisms Spf R“ — Spf A (see [Sta23,
Lemma 0ANO]). O

2.1.5. The Fargues—Fontaine curve. For any perfectoid space S over F,, we write
S x Zy, for the analytic adic space whose associated v-sheaf is SO x Spd Zy. This
comes equipped with a Frobenius ¢, and any untilt S* of S determines a closed
Cartier divisor S* < S x SpaZ,, see [SW20, Proposition 11.3.1].

For S in Perf we define Y(S) = S x Z, \ {p = 0}, and for any interval I C [0, c0)
we have an open subset V;(S) of S x SpaZ,. In particular Vio,00)(5) = 8 x SpaZ,
and y(07oo)(5) = y(S)

For any S in Perf, the relative adic Fargues—Fontaine curve over .S is the quotient
Xs = V(8)/¢".

This quotient is well-defined by [FS24, Proposition I1.1.16].

Let G be a reductive group over Q,,. Following [F'S24], we denote by Bung(S) the
groupoid of G-torsors on Xg. By [FS24] Theorem II1.0.2], the presheaf of groupoids
Bung on Perf sending S to Bung(S) is a small v-stack.

2.1.6. For a choice of algebraic closure F, of F, we set Zp = W(F,) and @p =
W (F,)[1/p]; here W denotes the p-typical Witt vectors of perfect F,-algebra. Let o
be the automorphism of Q, induces by the absolute Frobenius on F,. Let B(G) be

the set of o-conjugacy classes in G(@p), equipped with the topology coming from
the opposite of the partial order defined in [RR96, Section 2.3]. By [Vie24, Theorem
1], there is a homeomorphism

|Bung| — B(G).

If pu is a G(Q,)-conjugacy class of minuscule cocharacters, we let B(G, ™) C B(G)
be the set of ;~!-admissible elements, as defined in [KMPS22, Section 1.1.5]; note
that this set is closed in the partial order and thus defines an open substack

Bung ,-1 C Bung
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via [Schi17, Proposition 12.9]. There is a distinguished element [b,] € B(G,u™!)
called the p-ordinary element, which is the largest element in B(G,u~!) for the
partial order defined in [RR96| Section 2.3], see [KMPS22] Section 1.3.15].

2.1.7. For b € G(Q,), we let [b] € B(G) denote the o-conjugacy class of b. By
[Ans23, Theorem 5.3], there is an element &, € Bung(SpdF,) associated to b, and
we write G = Aut(&,) for its sheaf of automorphisms. We recall the following
result.

Theorem 2.1.8. [FS24, Theorem I11.0.2] The subfunctor
b
Bun[G] = Bung X |Bung| {[b]} € Bung
is locally closed. Moreover its base change to SpdF, is isomorphic to [Spd Fp/@b]

For any v-stack ¢ on Perf equipped with a morphism % — Bung, we write
(2.1.1) Y = W X, Bunld,

2.1.9. For every v-stack X, there is a canonical automorphism
ox: X = X; X(5)3 fr—=o5f € X(9),

which we shall call the absolute Frobenius on X. When X = Y? for a pre-adic space
Y/ SpaF,, the automorphism ¢x : X — X agrees with the map of v-sheaves induced
from the absolute Frobenius on Y. Moreover, every map of v-stacks f: X — Y is
a canonically ¢-equivariant in the sense that there exists a canonical 2-morphism
filling in the diagram

X 2, x
b
y 2y,
that behaves well under composition. The absolute Frobenius on a fiber product is

canonically identified with the fiber product of absolute Frobenii.

Proposition 2.1.10. For every connected reductive group G over Qy, there exists
a 2-morphism ¢pun, ~ idBung -

Proof. For § € Perf, we regard a G-bundle on the Fargues—Fontaine curve as a

G-bundle & on Y (g «)(S) together with an automorphism a: ¢*& = . Then o
defines the 2-morphism ¢pun, — idBung- O

2.2. Some Bruhat-Tits theory. Let G be a connected reductive group over Q,.
We write T, for the absolute Galois group Gal(Q,/Q,), and let I, C I', be the
inertia subgroup. Let m1(G) be the algebraic fundamental group of G, see [Bor98].
We denote by kg the Kottwitz homomorphism

Rq : G(Qp) — 7T1(G)]p,



16 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

which is constructed originally in [Kot97, Section 7] (but see also [KP23| Section
11.5] for an exposition of its construction). Denote the composition of &g with
m1(G)1, — m(G)r, by kg. We define

G(Qy)° =ker(ig)  and  G(Qp)' = Rg" (11(G)1, s0rs),

where 71 (G) 1, tors denotes the torsion subgroup of m1(G)y,.

2.2.1. Let B(G,Q,) (resp. B(G,Q,)) denote the (reduced) Bruhat-Tits building of
G (resp. of G@p); it is a contractible metric space with an action of G(Q,) (resp.

G(Q,)) by isometries, see [KP23, Axiom 4.1.1, Corollary 4.2.9]. It also naturally
has the structure of a polysimplicial complex (see [KP23| Definition 1.5.1]) with
facets denoted by F C B(G,Q,) (resp. F C B(G,Q,)). Note that there is a G(Q,)-
equivariant inclusion B(G,Q,) C B(G, Q,) identifying B(G, Q,) with the fixed points
of B(G,Q,) under the Frobenius o, see [KP23, Theorem 9.2.7].

Given a subset Q of B(G,Q,) we consider the pointwise stabilizers G(Q,)% and
G(Qp)4 of Q inside of G(Q,)° and G(Q,)", respectively. When Q = {z} is a point,
we will write G(Q,)% and G(Q,). instead of G(Qp)?x} and G(@p)}m}. If Q= Fis
a facet, a subgroup of the form G(Qp)% is called a parahoric subgroup. Following
[PR22, Section 2.2], we will define a quasi-parahoric subgroup K C G(Qp) to be any

subgroup for which there exists (necessarily uniquely) a facet F of B(G,@p) such
that

G(Q,)° NStabr € K C G(Q,)! N Stabz,

where now Stabr is the stabilizer of F in G(Qp) (rather than the pointwise stabi-
lizer).

2.2.2. For a quasi-parahoric subgroup K there is a unique smooth affine group
scheme G over Z, together with an isomorphism ng = G(@p which identifies G(Z),)
with K , called the quasi-parahoric group scheme associated to K. If K is moreover

stable under o, then the corresponding quasi-parahoric group scheme canonically
descends to Z,,.

For such K with corresponding quasi-parahoric group scheme G over Zj, the in-
clusion G(Qp)gE = Kn G(@p)o C K induces an open immersion G° — G, where
G° is the parahoric group scheme corresponding to G(Qp)of. Moreover, the induced
map gﬁip — Gr, is the inclusion of the identity component of G, see [KP23, Theo-

rem 8.3.13]. By [KP23, Corollary 11.6.3], the finite étale group scheme over F,
70(G) := mo(Gr,)

can be identified, as a finite group with an action of Gal(F,/F,), with the image of
K in 71(G) 1, tors under the Kottwitz map &g.

Definition 2.2.3. We say that a smooth affine model G/Z, of G is a stabilizer
Bruhat-Tits group scheme when it is the quasi-parahoric group scheme attached
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to a subgroup of the form K = G(Q,)L for a point = € B(G,Q,) C B(G,Q,). A
stabilizer parahoric group scheme is a parahoric group scheme that is also a stabilizer
Bruhat—Tits group scheme.

If G is a stabilizer Bruhat—Tits group scheme then Q(Zp) is the stabilizer in G (@p)
of a point z in the extended (or enlarged) Bruhat—Tits building B¢(G, Q)) of [KP23|
Section 4.3]. We will use these extended buildings in the proof of Lemma:2.2.5 below.

Lemma 2.2.4. Let F be a facet in B(G,Q)), regarded as a subset of B(G, Qp).
Then there exists a point x € F such that G(@p)}c = G(Qp)}_—.

Proof. Since facets in B(G, Q),) are intersections of facets in B(G, @p) with B(G,Qp),
see [KP23, Section 9.2.4], there exists a facet of B(G,Q,) containing F. This implies
that G(Q,) acts on F through affine-linear automorphisms.

The affine-linear automorphism group Aut,g(F) of F is finite, because such an
automorphism is determined by its action on vertices. For each nontrivial element
id # a € Autag(F), the fixed point set F* is the intersection of F with a lower-
dimensional linear subspace. Take 2 € F to be any point in the complement F \
Uidza £, so that the stabilizer of z in Autag(F) is trivial. Then an element g €

G(Qp) fixes x if and only if it fixes F pointwise, because the action of g on F is
affine-linear as noted above. U

Lemma 2.2.5. Let f: G — G’ be a morphism of connected reductive groups over
Qp. Then there exist points x € B(G,Qp) and y € B(G',Qp) with correspond-
ing stabilizer Bruhat—Tits group schemes G and G’ such that f extends (necessarily
uniquely) to a morphism f: G — G'.

Proof. By [BT84], Proposition 1.7.6], it suffices to show that we can find =z and y
such that f(G(Q,)L) G’(Qp); (see also [KP23, Corollary 2.10.10]). Combining
[Lan00), Proposition 2.1.3, Theorem 2.2.1], we see that there is a G (Qp)—equivariant,
Frobenius-equivariant, and continuous map g: B¢(G, @p) — B¢(&, @p). Thus if we
pick a point Z € B(G,Q,), then g(z) € B¢(G’,Q,) and moreover the stabilizer in
G(Qp) of & maps to the stabilizer in G’(Qp) of g(z). Then the lemma is proved by
taking € B(G, Q,) to be the projection of  and y € B(G’,Q,) to be the projection
of g(). O

2.3. Local Shtukas. Let G be a quasi-parahoric group scheme over Z, with generic
fiber G. We let Grg — Spd Z,, denote the corresponding Beilinson-Drinfeld Grass-
mannians as in [SW20), Definition 20.3.1]. Its base change to Spd Q) is the B(J{R
affine Grassmannian, and we will denote it by Grg — Spd Q) see [SW20, Lecture
XIX].

For 11 a G(Q,)-conjugacy class of minuscule cocharacters of G with reflex field
E, we denote by Grg, C Grgr the closed Schubert-cell determined by pu, see
[SW20,, Section 19.2]. Note that since p is minuscule, this can be identified with
the (diamond associated to) the flag variety .#¢,, using the Biatynicki-Birula map.
The v-sheaf theoretic closure of Grg,,, inside Grgspqo, is the v-sheaf local model
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. C Grgspaog- By [AGLR22, Theorem 1.1] and [GL22b, Corollary 1.4], this is
the diamond associated to a flat normal projective scheme over Op.

2.3.1. Recall that a G-shtuka over a perfectoid space S with leg at an untilt S*
is defined to be a G-torsor & over S x Spa Zy, together with an isomorphism of
g-torsors

Pz p ‘@‘skzp\sﬁ - ’@‘Skzp\sﬁ

which is meromorphic along S* in the sense of [SW20, Definition 5.3.5]. For u a
G(@p)—conjugacy class of minuscule cocharacters, we say that a G-shtuka (£, ¢ %)
is bounded by p if the relative position of ¢* and & at S* is bounded by the
v-sheaf local model Mg | C Grg spao,, (see [PR24, Section 2.3.4]).

2.3.2. For S in Perf, denote by Shtg(S) the groupoid of triples (S*, P, ¢p), where
S% is an untilt of S and where (P, ¢p) is a G-shtuka over S with leg S*. By [SW20,
Proposition 2.1.2], the assignment S +— Shtg(.S) defines a v-stack Shtg on Perf (note

that S x Z, is sousperfectoid by the proof of [SW20, Proposition 11.2. 1])

If pisa G(Qp) conjugacy class of cocharacters of G— with field of definition F,
we let Shtg , C Shtg Xspaz, Spd O be the closed substack whose S-points consists
of G-shtukas over S with one leg at S* which are bounded by .

2.3.3. Let S =Spa(R,R") — SpdZ, be an object in Perf together with an untilt
St and let (2,¢5) be a shtuka over S with one leg at S¥. We can choose 7
sufficiently large such that ). ) does not meet the divisor of Y}, ) defined by
S%. The restriction of (&, ¢4) determines a ¢-equivariant G-torsor on Viroo)- By
spreading out via the Frobenius (see [SW20, Proposition 22.1.1]), the bundle &
descends to a G-bundle £(Z,¢») on Xg. In this way we obtain a morphism of
v-stacks on Perf

(2.3.1) Shtg — Bung, (£,¢02)+— E(P,¢02)
and we will denote by BL® its restriction to Shtg .

Lemma 2.3.4. The map Shtg — Bung is O-truncated, i.e., for every Spa(R, RT) €
Perf, the map of groupoids

Shtg (R, R+) — Bung(R, R+)
1s faithful.
Proof. Let (2, ¢ ») be a G-shtuka with leg at an untilt (Rf, R**), and let 7 be a large
enough positive integer so that p"~! is divisible by a pseudouniformizer w! € Rft.
Let a be an automorphism of (£, ¢). It suffices to prove that if « restricts to

the identity on Y, o) (R, R™), then « is the identity map. By pushing out along
G — GL(V'), we may reduce the statement to the case of vector bundle shtukas.

8Note that in [GI23] Definition 7.4], the notation Shtg is used to denote the stack which would
be Shtg ®spaz, SpdF, in our notation.
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Choose a larger integer s > r. We can check that the ring homomorphism
A= HO (y[(],s] (R7 R+)’ ﬁy[o,S](R,R"")) - HO (y[r,s] (Rv R+)a ﬁy[
is injective. A vector bundle on Yjg 4 corresponds to a finite projective module M
over A by [KL15, Theorem 2.7.7], and then the injectivity of A — B implies that
Hom (M, M) — Homu (M, M) ®4 B =Homp(M ®4 B, M @4 B)

is injective. Since « restricted to V. (R,R") is the identity map, « restricted

to Vo,s (R, RY) is also the identity map. As YV q(R, R") and Y, ) cover all of

Vo,00)(R, R"), the map « is the identity map on all of Vg «)(R, R*). O

2.3.5. Recall from [DvHKZ24, Section 3.3.8] the open and closed substack
Shtg?#,(;:l C Shtgju,

which is the image of Shtge, — Shtg,, where G° C G is the relative identity
component of G (a parahoric model of G). It follows from [DvHKZ24, Corollary
3.3.9] that there is an isomorphism

(2.3.2) c:Shtg ,5—1.5 — [Grc,wl/g(zp)} )

where G(Z,) is as in [Schl7, the discussion before Definition 10.12]. Recall the
Beauville-Laszlo map BL : Gr¢; -1 — Bung from [['S24, Proposition II1.3.1], which

factors through a map BL: {Grc#q/g(Zp)} — Bung.

(rR,r+)) = B

r,s]

Lemma 2.3.6. We have an equality
BLoc¢=BL° XSpd O SpdE.

Proof. This is explained in [Zha23, Proposition 11.16, Proposition 11.17] for G°, and
now follows from the definition of Shtg ,, 5—1, see [DvHKZ24, Section 3.3.8]. O

2.4. Dieudonné theory. In this section we will recall some Dieudonné theory in
order to make our conventions clear.

2.4.1. Let R be a semiperfect F)-algebra and let Acys(R) denote Fontaine’s crys-
talline period ring equipped with its Frobenius ¢, see [SW13| Proposition 4.1.3].
Let Y be a p-divisible group over Spec R and let D(Y') denote its contravariant
Dieudonné crystal over Spec R in the sense of [BBMS82]. Its evaluation on A ys(R)
is a finite projective A yys(R)-module also denoted by D(Y'). The relative Frobenius
map Fy/p:Y — Y ®) induces a morphism ¢y : D(Y®)) = ¢*D(Y) — D(Y) which
becomes an isomorphism after inverting p. The pair (D(Y), ¢y) is functorial for
morphisms of p-divisible groups over R.

We will often use the A ;ys(R)-linear dual D*(Y") of D(Y'), which is equipped with
a map

¢y : ¢"D*(Y)[1/p] = D*(Y)[1/p]
given by the inverse of the dual of the isomorphism ¢y : ¢*D(Y)[1/p] — D(Y)[1/p] ﬂ

9The pair (D*, ¢y) is the covariant Dieudonnné module of ¥ normalized as in [CS17].
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If R is perfect, then ¢ is an automorphism of W(R) and we can consider
DE(Y) = (¢71)"D*(Y),

which is equipped with the Frobenius gbg, = (¢~ 1)* ¢y, see [PR24, Remark 2.3.10]
for the notation.

2.4.2. Let (R, RT) be a perfectoid Huber pair of characteristic p and let w € R™
be a pseudouniformizer. We will consider W(R™) equipped with its Frobenius ¢.
Given an untilt (R, R¥) there is a natural map 6 : W(R') — Rt whose kernel is
generated by an element £. After possibly replacing @ by a p”-th root, there is an
induced natural map

(2.4.1) R - RY Jw

given by realizing R*t as the quotient of W(R™) by the kernel of § and then taking
the quotient by p and 0([w]). Let Y be a p-divisible group over RfT, then by [SW20,
Theorem 17.5.2], there is a finite projective W (R™)-module M (Y) together with an
isomorphism

Py : ¢"M(Y)[1/¢(E)] = M(Y)[1/9(E)]-

The pair (M(Y), ¢y) is functorial for morphisms of p-divisible groups over R, We
will often consider the pullback under ¢—! of the pair (M(Y), ¢y ), and denote it
by (MH(Y),QSQ/). The pair (Mh(Y),(;Sg,) is a BKF module over R*T in the sense
of [PR24, Definition 2.2.4], and gives rise to a shtuka #(Y) over Spd(R, RT) via
[PR24] Definition 2.2.6], see [PR24, Example 2.3.4]@

There is a natural map W(R') — Acys(R/w), and there is a natural isomor-
phism

(M(Y),0y) @w(r+) Aays(R" /@) = (DY @pes R /), by),
see [SW20l, Theorem 17.5.2].

2.5. Formal quasi-isogenies. Suppose w@ is a pseudouniformizer of R* for which
the natural map W(RT) — R induces a map

R* 5 RT/w

as in equation (2.4.1)). Using this map, we will define a notion of formal quasi isogeny
between p-divisible groups (or formal abelian schemes up to prime-to-p isogen
that live over different untilts of RT.

101y [PR24), this shtuka is denoted by £(Y). We will however use £(Y) for the induced vector
bundle on Xg, see Lemma

11Throughout this paper we will often work with the category of (formal) abelian schemes up to
prime-to-p isogeny, which is obtained from the category of (formal) abelian schemes by tensoring
the homsets with Z,).
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2.5.1.  Assume that we are given two untilts (R*, R1*) and (R*2, R*27T) of (R, RT).
Let Y7, Ys be p-divisible groups over Spf Rf'+, Spf R22F. A formal quasi-isogeny

Y1--» Y,

is a quasi-isogeny Y1 ®pi,+ RT/w --» Y2 ® i+ R /w. We note that this notion
does not depend on the choice of pseudouniformizer w, by Serre-Tate lifting [Kat81),
Lemma 1.1.3]. If A;, Ay are formal abelian schemes over Spf Rt Spf Ri2+ (up to
prime-to-p isogeny), we similarly define a formal quasi-isogeny

Al i d AQ

to be a quasi-isogeny Ay @pi+ R /w --» Ay @ pror RT /.

2.5.2. Suppose now (R, RF) is an untilt of (R, R"), and suppose A is a formal
abelian scheme up to prime-to-p isogeny over Spf R¥*. A weak principal polarization
of A is a prime-to-p quasi-isogeny X : A --» AV that is equal to c-p where pu: A — AV
is a principal polarization and where ¢ is a locally constant Z(Xp )—valued function on
Spec R /w.

If (A1, A1) and (Ag, A2) are weakly polarized formal abelian schemes up to prime-
to-p isogeny over two untilts (Rf!, Rf11) and (R, R®27), respectively, then a formal
quasi-isogeny

(A1, A1) ==+ (Ag, A2)
is a formal quasi-isogeny A; --» As such that
Yoo f=ch,

where c is a locally constant Q*-valued function on Spec R* /.

2.5.3. Let S = Spa(R, R") be in Perf and let (R*, R*") be an untilt. Let @ be a
choice of pseudouniformizer of RT. For a p-divisible group Y over R*/w we will
write D*(Y") for the finite projective Acys(RT/w)-module defined in Section
which comes equipped with an isomorphism

¢y : ¢"D*(Y)[1/p] — D*(Y)[1/p].
Define Bl (RT/w) = Acys(RT/w)[1/p] and note that D*(Y)[1/p] is a module

crys
over B ((R"/w). Recall that for a large enough rational number 7 >> 0, there is

a natural ring homomorphism
B;;ys (RJr/w) - F(y[r,oo] (R7 R+)7 ﬁ)}[ryoo](R,Iﬁ'))u

for instance, as in [Farl6l, Section 6.2]. Base changing along this map, we obtain from
D*(Y)[1/p] a vector bundle E(Y) on Y, «)(R, R"), together with an isomorphism
¢*E(Y) = E(Y) of vector bundles. Descending along this isomorphism, we obtain
a vector bundle £(Y) on Xg. As the category of ¢-equivariant vector bundles on
y[m](R, R™) does not depend on r, this construction is independent of the choice
of pseudouniformizer w as well as the rational number 7.
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2.5.4. IfY is a p-divisible group over R*T, then we can define a vector bundle over
X in two ways: either we take £(Yp+ /) as above or we consider the vector bundle
shtuka ¥/ (Y") from Section and apply the map BL° from equation (2.3.1).

Lemma 2.5.5. There is a functorial (in'Y ) isomorphism E(Yg+ ;) — BL2(7(Y)).

Proof. The shtuka 7 (Y') comes from the BKF module (M#(Y), ¢§/) over W (RIT),
while £(Yg+ /) comes from the finite projective Acrys(R'/w)-module given by
D*(Yg+ /). The natural comparison isomorphism in Section

¢*(ME(Y), 0%) @w(at) Aays(RT /@) = (D*(Y), dy),

induces an isomorphism of the induced vector bundles on Xg. ]

2.5.6. Assume that we are given untilts (R¥, R%*t) of (R, R*%) and p-divisible
groups Y; over Spf R+ for i = 1,2. A formal quasi-isogeny f : Y] --» Y3 de-

termines an isomorphism of B, (R" /)-modules

D*(f) : D*(Y1)[1/p] = D" (¥2)[1/p],
compatibly with the two Frobenius maps. It in turn induces an isomorphism
E(f) €M) = E(Y2)

of vector bundles on Xg. If w is replaced with another pseudouniformizer @’ di-
viding w, the quasi-isogeny f restricted to R /@’ induces the same isomorphism of
vector bundles £(f) : £(Y1) — £(Y3), because we may choose r large enough in the
construction so that T'(V, o] (R, RT), 0y, (R.R+)) contains Bl (RT /@) as well.
This shows that £(f) does not depend on the choice of pseudouniformizer w.

3. WITT VECTOR SHTUKAS AND ISOCRYSTALS

The goal of this section is to introduce the Witt vector (local) shtukas of [XZ17,
SYZ21], and to compare them with the shtukas of Pappas—Rapoport. We also
prove new fundamental technical results in the theory of Witt vector shtukas, see
Proposition

Let AffP" denote the category of perfect IF,-algebras. We will equip this with
the Grothendieck (pre-)topology where covers are given by v-covers in the sense of
[BS17, Definition 2.1]. By [BS17, Theorem 4.1], perfect F,-schemes define v-sheaves
on AffP™ and for X a scheme over F, we will write X perf for the perfection of X
(the inverse limit over the Frobenius of X). Note that the natural map XP°" — X
is a universal homeomorphism.

3.0.1. Recall that an integral domain R is called absolutely integrally closed if the
fraction field Frac R is algebraically closed and if R is integrally closed in Frac R.
The following result is [Ans22, Lemma 11.2].

Lemma 3.0.2. Let R € Aff* | then there is a v-cover S — Spec R with S the
spectrum of a product of absolutely integrally closed valuation rings.
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Lemma 3.0.3. Let R = [[;c; Vi be a product of absolutely integrally closed valuation
rings Vi, let S = Spec R and let f : X — S be the perfection of a proper surjective
morphism of schemes. Then f admits a section.

Proof. Note that f is quasi-compact and universally closed because it is the perfec-
tion of a proper morphism.

For i € I let s; = SpecV; — S be the natural closed immersion, and let f; : X; —
s; be the restriction of X to s;. Since the fraction field of V; is algebraically closed,
since f is surjective, and f is the perfection of a finite type morphism, it follows
that X; has a Frac V;-point. By the valuative criterion for quasi-compact universally
closed morphisms, see [Sta23, Proposition 01KF], this extends to a section ¢; of f;.
Since Vj; is local, it follows that ¢; : s; — X; — X factors through an affine open
U, C X.

Since X is quasi-compact, there are finitely many affine opens Uy, --- , U of X
such that each ¢; factors through U; for some 1 < j < k. Choosing such a U; for
each ¢ € I, we get a partition I = I1 []--- ] Zg-

If we write U; = Spec A;, then for ¢ € I; the map t; corresponds to a map of
R-algebras Aj — Vi. We can assemble these to a map of R-algebras A; — [[;c;, Vi
using the universal property of the product, which corresponds to a map of S-
schemes f; : Spec Hielj Vi — U;. We can then take the disjoint union over 1 < j < k
to get a map of S-schemes

k
f:8 =TI Spec(llics, Vi) = X,

j=1
which gives the desired section. ([l
3.0.4. Recall that attached to a perfect Fp-algebra R there is a v-sheaf Spd R =
Spd(R, R) on Perf. The following lemma is |Gle22l, Proposition 3.7].

Lemma 3.0.5. If A — B is a morphism of perfect IF,-algebras that is a v-cover,
then the induced map Spd B — Spd A is v-surjective.

Let F: Perf°® — Grpd be a v-stack. Following [Gle22l, Section 3.2], we define the
reduction of F to be the functor F™d: (AffP1)oP — Grpd defined by

Fred(A) = Hom(Spd A, F).

It follows immediately from Lemma that F™4 is a v-stack on Perf, and it is
clear from the construction that the assignment F — F'¢ commutes with limits.
We will implicitly use the following lemma below.

Lemma 3.0.6. Let X be a scheme over Z,. Then the natural map
perf oyred
Xpo = (X°)
s an tsomorphism.

Proof. For any map f: Spd R — X°, the composition Spd R — X° — SpdZ,
factors through SpdF, C SpdZ, by [Gle22, Lemma 2.27]. Therefore f factors

through (Xf;jrf)<> = Xg, € X°. We now apply [SW20, Proposition 18.3.1]. O
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3.1. Witt vector shtukas. Let G be a quasi-parahoric group scheme over Z, with
generic fiber G and relative identity component G°. In this section we study the
relationship between the reduction of the stack of G-shtukas and the stack of Witt
vector shtukas defined in [XZ17]. Let us first recall some definitions.

3.1.1. For an object R of AffP*™ we set
Dpr = Spec W(R), D}, = Spec W(R)[1/p],

where W (R) denotes the ring of p-typical Witt vectors of R. The Frobenius on R
induces a Frobenius morphism o = og : W(R) — W(R). For an affine scheme X
over Z, we define its loop space LT X as the functor on AfPet by

L*X(R) = X(Dg)
By [ZhulT, Section 1.1], the functor L*X is representable by an affine perfect

scheme.

3.1.2. Let R € AffPf and let &€, F be G-torsors over Dg. Recall from [XZ17,
Section 3.1.3] that a modification 8 : P --+ Q is an isomorphism of G-torsors

5:P\DE—>Q|DE.

We define the Witt vector (partial) affine flag variety Gr\gN to be the functor sending
R to the set of isomorphism classes of modifications
a:P --» P

where P is a G-torsor over Dg, and where P is the trivial G-torsor over Dp.
Recall that Grg denotes the Beilinson-Drinfeld Grassmannian over SpdZ,, as in
[SW20, Definition 20.3.1]. We have the following comparison between Grgv and Grg.
Lemma 3.1.3. There is a natural isomorphism
Gr\g)v — Grfjed.
Proof. Tt follows from the definition, see [SW20, Section 20.3], that Grgp, is iso-
rge% — Grrged is an isomorphism and
P
then we can use Lemma [3.0.6] to conclude. O

. w\°®
morphic to (Grg ) . But the natural map Gr

3.14. Let Shtgv denote the stack on AffP*™f sending R to the groupoid of G-torsors
P over Spec W(R) together with a modification

B:o*P --»P.
The pair (P, () is called a (Witt vector) G-shtuka over Spec R, and was first defined
in [XZ17), cf. [SYZ21]. There is a closely related stack given by Shtd.

Lemma 3.1.5. There is a natural isomorphism Shtgv — Shtrgecl of stacks on AfFPe.

Proof. This is [PR24, Theorem 2.3.8, Example 2.4.9], combined with [Gle22,
Lemma 2.27]. Note that [PR24, Example 2.4.9] is only stated for parahoric groups,
but the proof works verbatim for quasi-parahoric groups. O
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3.1.6. Let p be a G(@p)—conjugacy class of cocharacters of G with reflex field
EC @p. We will write O for the ring of integers of F¥ and kg for its residue field.
There is a substack Shtgé,y C Shtgé XgpecF, Speckp of Witt vector G°-shtukas
bounded by u, see [PR24, Remark 3.3.2]. By the discussion in [vanH20l Section
2.2.16], this is a closed substack.

Lemma 3.1.7. Under the isomorphism Shtgé — Shtgs of Lemma the sub-
stack Shtgé}u is identified with Shtrgegu.

Proof. This follows from the discussion in [PR24, Section 2.4.3], as we will now
explain.

The natural map Shtg{; — Shtrgeod of Lemma @l is given by sending a Witt
vector G°-shtuka (P, 3) over Spec R, to the Spd R-point of Shtgo given by sending
Spd(A, AT) — Spd R to the G°-shtuka obtained from P @y gy W(A™) by pulling
back along the map of locally ringed spaces

Spa(A, AT) x Z, — Spa W(A1) — Spec W (A™).

Note that the resulting G°-shtuka has a leg at the trivial untilt A™ of AT. We have
(P,B) € Shtgé#(A) if and only if 8 is bounded by

W W
U Gre., € Grges,,
weAdm(p=1)go

(see [PR24} Section 2.4.3] for the notation).
By J[AGLR22, Theorem 6.16], this is the same as the reduction of the inclusion

M‘éo# C Grgospd Ogp-

Thus the image of (P, ) under Shty, — Sht{! lies in Shtrgecff . if and only if (P, B) €
Sht e . O

Remark 3.1.8. If b € G(Q,), then there is a G°-shtuka (P°, b), where P is the trivial
G°-torsor and where b is considered as an automorphism of the trivial G-torsor over
Spec @Q,. The shtuka (PP, b) is bounded by p if and only if

be U Grgé,w (Fp),
weAdm(p~1)go
see [PR24, Remark 4.2.3]. In particular, the stack that we denote by Shtg{%u is
denoted by Sht};fl’K in [SYZ21l, Definition 4.1.3] and by Shtg -1 in [vanH20,
Section 2.2.16] (here the symbol K records the choice of parahoric). The stacks of

local shtukas of [XZ17, Definition 5.2.1] have yet another definition; in loc. cit. a
shtuka is a pair (P, ) with 5 : P --» ¢*P a modification.

Motivated by Lemma we define the substack Shtg{u - Shtgv to be the
reduction of Shtg ,.
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3.1.9. Let R be a perfect ring and Y a p-divisible group over Spec R of height h,
and let Df(Y) be the finite projective W (R)-module (of rank h) from Section
which comes equipped with a Frobenius

$3 1 "D (Y)[1/p] — DA(Y).
Taking frame bundles, we get a GLp-shtuka. For 0 < ¢ < h let ug be the cocharacter

of GLj sending A — diag(\,..., A\, 1,...,1), where X\ occurs d times and 1 occurs
h — d times. The following result is due to Gabber.

Lemma 3.1.10. The functor Y — (Dh(Y), ¢§,) induces an equivalence between the
groupoid of p-divisible groups Y over Spec R of height h and Sht\éVLth(R), which is
functorial in R.

Proof. That the functor is an equivalence of categories follows from a result of Gab-
ber, see |[Laul8, Theorem 1.2]. The fact that the resulting GLj-shtuka is bounded
by g follows from Lemma in combination with [PR24] Example 2.3.4, Remark
2.3.10, Lemma 2.4.4]. O

3.1.11. Recall that a principal quasi-polarization of a p-divisible group Y over a
perfect ring R is an isomorphism ) : Y — Y, where Y? is the Serre-dual p-divisible
group, such that A\* = —\. An isomorphism of quasi-polarized p-divisible groups
f:(Y1,A1) = (Ya, A9) is an isomorphism f : Y7 — Y5 such that there is an element
cE Z; such that f*Ay = c)y.

We note that A induces a perfect alternating pairing )\2, on DA(Y). Indeed, this
follows from the explicit description of D(Y?), see [ALB23, Proposition 4.6.9]. If
Y has height 2g, then this means that the GLj,-shtuka corresponding to Df(Y")
naturally upgrades to a GSpy,-shtuka. Note furthermore that for h = 2g and d = g,
the cocharacter 4 factors through GSpy, C GLgg.

Lemma 3.1.12. The functor ¥ (DU(Y),)\Q,) induces an equivalence between
the groupoid of quasi-polarized p-divisible groups of height g over Spec R and the
groupoid Sht\()}VSpQQ,pg(R)’ functorially in R.

Proof. This is a direct consequence of Lemma [3.1.10] and the description of D(Y?)
in [ALB23, Proposition 4.6.9]. O

3.2. v-local existence of lattices. We continue to assume G is a reductive group
over Q, with quasi-parahoric model G over Z,.

3.2.1. Let G-Isoc denote the stack on AffP*'f sending R to the groupoid of (étale)
G-torsors P over Spec W(R)[1/p] together with an isomorphism

B:0"P — P.

This is a v-stack (see [GI23, Section 10.3]), and there is a homeomorphism |G-Isoc| >~
B(G), where now B(G) is equipped with the order topology for the partial order
defined in [RR96, Section 2.3]. We define the closed substack G-Isoc<,-1 C G-Isoc
to be the closed substack corresponding to B(G,u~t) C B(G).
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By [GI23 Theorem 10.4], there is a natural isomorphism
G-Tsoc = Bun(yd.
Moreover, it follows from the arguments in [GI23, Section 10.3] that under this
identification Buane(L_l is identified with G-Isoc<,,-1.

There is a natural morphism Shtgv — G-Isoc sending (P, ) to (P‘W(R)[l/p},ﬂ).
We can identify this with reduction of the natural morphism Shtg — Bung. We
define Shtgu,(;:l - Shtz\fu to be the reduction of the open and closed substack
Shtg ,6=1 C Shtg,, of [DvHKZ24l Section 3.3.8].

3.2.2. It follows from [DvHKZ24| Proposition 3.1.10] that Sht}, s_; — Shtg —
G-Isoc factors through G-Isoc<,-1 C G-Isoc. Our goal in the remainder of this
section is to prove the following proposition.

Proposition 3.2.3. If S is the spectrum of a product of absolutely integrally closed
valuation rings, then the map Shtgmézl(S) — G-Isoc<,,-1(S) is essentially surjec-
tive. In particular, the map Sht\g}\jwsﬂ — G-Isoc< -1 is v-surjective.

Since the natural map Shtg., — Shtg, factors through Shtg ,s;—1, see
[DvHKZ24, Section 3.3.8], it suffices to show that Shtgo ,(S) — G-Isoc<,-1(S)
is essentially surjective. We therefore assume for the remainder of the section that
G = G°, so that Shty', 5_; = Shty,.

We start with some preliminaries. For any perfect ring R and element b €
G(W(R)[1/p]), there is a morphism

Uy - GrgR — Shtng

sending a modification « : PO ——5 Py over Spec R’ to the (Witt vector) G-shtuka
(P1,B1), where B is defined to be the modification £ which completes the diagram

*7)0 "7137» fp(]
| |
oo

o*P1 --==-» > P1

We denote by Z(b), the inverse image of Shtg{uﬂ in GrgR under ¥,. Since
Shtng C Shth is closed, we see that Z(b), C GrgR is closed. Therefore Z(b), is
an inductive limit of perfections of projective R-schemes along closed embeddings
by [BS17, Corollary 9.6].

In the lemma below, following our convention ([2.1.1)), we use the notation Sht[gb] e
Shtg, ,, and G-Isoc”! ¢ G-Isoc for the locally closed Newton stratum corresponding
to [b] € B(G), see also [FS24] Theorem I1.2.1]. Recall also that an affine scheme

X = SpecR is called w-contractible if every pro-étale cover of X splits, see [BS15,
Definition 1.4].

Lemma 3.2.4. Let R € AffP™ and let b € G(W(R)[1/p]) be an arbitrary element.
Then there exists a closed subscheme Z C Z(b),, such that the projection Z — Spec R
18 surjective.
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In the proof of this lemma, we will make use of the affine Deligne—Lusztig variety
Xg(b',u=1) of level K = G(Z,) associated to a choice of &' € [b] and u~!, see
[PR24, Definition 3.3.1]. Its set of F, points can be identified with the subset of
elements h € G(Q,)/G(Z,) such that the G-shtuka (P, ht/a(h)~!) € Sht (F) lies
in Shtg“(Fp). By [Hel6l, Theorem A], it is nonempty if and only if [b'] € B(G,u~1).

Proof of Lemma[3.2.4) We first note that we are free to base change along any
surjective map Spec R* — Spec R. Indeed, if there exists a closed subscheme Z’ C
Z(b)u Xspec R Spec R’ with surjective projection map Z' — Spec R, then the map
Z" — Z(b), factors through a closed subscheme Z C Z(b),, and it follows that
Z — Spec R is surjective.

The given element b defines a map Spec R — G-Isoc. Using the above, we first
reduce to the case when this map factors through a single Newton stratum G-Isocll.
To do this, we observe that the Spec R has only finitely many Newton strata, and
moreover the strata (Spec R) 7 are quasi-compact schemes because they are open
complements of finitely presented closed immersions inside closed subschemes of
Spec R, see [RR96, Theorem 3.6]8 We also reduce to the case when R is w-
contractible, e.g., using [BS15, Lemma 2.4.9].

We will now show that Z(b), — Spec R has a section. Let b’ € G(Q,) be a
representative of [V'] € B(G) and let Xg(b', u~1) be the affine Deligne-Lusztig variety
as above. By [FS24, Theorem 1.2.1], we can identify

G-Isocll = [Gb/(Qp)\Spech}

over F,,. Since Spec R has no nonsplit pro-étale covers, all G;,(Q,)-torsors over Spec R

are trivial (sce the proof of [FS24, Lemma I11.2.6]). It follows that G-Isoc”)(R)
consists of a single isomorphism class, namely the one corresponding to b'. By
assumption, b € G(W(R)[1/p]) determines an element of G-Isoc”!(R), so ¥/ =
gbo(g)~! for some g in G(W(R)[1/p]).

Since [¥'] € B(G, p~ 1), [Hel6, Theorem 1.1] implies that Xg(b', u~!) is nonempty.
Let h € Xg(V', u=1)(Fp), and let o : PO --» P be the modification defined by gh.
By definition Wy(a) is the G-shtuka (€%, ht/o(h)~1), which lies in Shth(R) since
he Xg(,u 1) (Fp). Thus « lies in Z(b),(R), and we are done. O

Proof of Proposition[3.2.3. As remarked before, it suffices to prove the case when
G° = G and thus ShtW;:l = Shtgf“.

Let R be the product of absolutely integrally closed valuation rings R; and let
Spec R — G-Isoc<,,—1 be a morphism corresponding to the G-isocrystal (P, 8p) €
G-Isoc(R). By [Ans22l Proposition 11.5] the G-torsor P on Spec W (R)[1/p] is triv-
ial. Choose a trivialization, and let b € LG(R) = G(W(R)[1/p]) be the element

corresponding to Sp.

2Note that [RR96, Theorem 3.6] assumes that Spec R connected for the conclusion of that
theorem to hold. However, this is not necessary as the result of Katz they cite, see [Kat79, Theo-
rem 2.3.1], does not require Spec R to be connected.
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For a morphism f: Spec R — GrgR over Spec R, the composition

Spec R ER GrZYR RN Shtg{R — G-Isocg

determines a G-isocrystal which is isomorphic to (P, 8p). Our goal is to show that
there is a section Spec R — GrE{R whose image under W, lies in Shtgf% r- In other
words, we want to construct a section of Z(b), — Spec R.

By Lemma there exists a closed subscheme Z C Z(b),, for which Z — Spec R
is surjective. On the other hand, Z — Spec R is the perfection of a projective
morphism, and it now follows from Lemma [3.0.3|that the map admits a section. The
v-surjectivity of Shtgfu — G-Isoc<,,—1 immediately follows from Lemma O

4. THE IGUSA STACK CONJECTURE

In this section, we recall the conjectural canonical integral models for Shimura
varieties of parahoric level of [PR24], and the quasi-parahoric generalization of
[DvHKZ24]. We then state a conjecture on the existence of Igusa stacks, and deduce
consequences.

4.1. Canonical integral models for Shimura varieties. Let (G, X) be a Shimura
datum with reflex field E, let p be a prime and write G = Gg,. Let G be a quasi-
parahoric model of G over Z,, and let K, = G(Z,). Choose a prime v of E above p,
and let E denote the completion of E at v. The local reflex field FE is also the field
of definition of u, the G (@p)—conjugacy class of cocharacters of G corresponding to
X and v, see Section [I.6] We will write O for the ring of integers of E and kg for
its residue field. When KP C G(A’}) is a neat compact open subgroup, associated
to (G,X) and K = K,KP? is the Shimura variety Shg (G, X), which we view as an
E-scheme (i.e., we take the base change to E of the canonical model over E).
We will often consider Shimura varieties at infinite level. That is, we consider
(4.1.1) Shg» (G, X) = 1&11 ShKI/JKp(G,X)
K)CK,

as KI’, C K, varies over all compact open subgroups of the fixed K, as well as

Shg,(G,X) = Jim Shp, i» (G, X)
KPCG(A’;)

as KP varies over all neat (see [Lanl3l, Definition 1.4.1.8]) compact open subgroups
K? C G(A?).

Let Z° denote the connected component of the center of G. We will assume that
(G, X) satisfies
(4.1.2) rankg(Z°) = rankg(Z°).
This equality is equivalent to Milne’s axiom SV5 [Mil05 p.63] by [KSZ21, Lemma
1.5.5].

Remark 4.1.1. By [KSZ21, Lemma 5.1.2.(i)], the assumption (4.1.2) is satisfied
whenever (G, X) is of Hodge type, which will be the main case of interest to us.
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Fix a neat compact open subgroup K? C G(AI}), and let K = K,KP. Each finite
level Shimura variety Sh K}, kr(G,X) is a smooth variety over E, and the transition
maps in the tower (4.1.1]) are finite étale. We denote by Pk the pro-étale G(Zj)-cover

Shx» (G, X) = Shg (G, X).

Let Shz (G, X)? denote the v-sheaf over Spd E associated to Shg (G, X) as in Section
2.1.1] By [DvHKZ24, Corollary 3.3.9], cf. [PR24, Proposition 4.1.2], there is a G-

shtuka with one leg Zi g on Shg (G, X)<> which is bounded by p, and is associated
to Pk in the sense of [PR24] Definition 2.6.6].

4.1.2. Let KP be a neat compact open subgroup of G(AI}), and let K = K, K. Pap-
pas and Rapoport conjecture that for each KP there is a flat normal integral model
Sk (G, X) over Spec O of Shi (G, X), satisfying certain properties, see [PR24, Con-
jecture 4.2.2] for the conjecture in the case where G is a stabilizer Bruhat-Tits group
scheme, and see [DvHKZ24, Conjecture 4.0.4] for the case where G is quasi-parahoric.
They then show, see [PR24, Theorem 4.2.4] and [DvHKZ24, Corollary 4.0.9], that
there is at most one system of normal flat models satisfying their list of properties.
A consequence of their list of properties is the existence of a map

Terys Tk (G, X)° — Shtg .,
compatible with changing K?, which induces a G(A?)—equivariant map
Terys * ey](p(G,X)<> = @1 yK(G,X)O — Shtg}u.
KPCG(AY)
In fact, it follows from [DvHKZ24, Remark 4.0.5] that both these maps factor
through the open and closed substack
Shtgwu,gzl - Shtg,u,
see [DvHKZ24, Section 3.3.8].
4.1.3. By [DvHKZ24, Theorem 4.2.3], cf. [PR24, Thm 4.5.2], a system of canonical
integral models exists in the case of a Hodge-type Shimura datum. The conjecture
is also known to hold if (G, X) is of toral type (i.e., if G =T is a torus) by [Dan22,

Theorem A]. It is moreover known to hold when (G, X) is of abelian type and G is
acceptable (or p > 5), by [DY24, Theorem A]H

4.1.4. Local model diagrams. Let (G,X,G) be as above with G parahoric, and let
MG ,, denote the v-sheaf local model as in Section Recall from [DvHKZ24|

Section 4.2] that there is a morphism of stacks
Shtg ,, — [My,./G°]

By [AGLR22| Theorem 1.11], there is a unique (up to unique isomorphism) abso-
lutely weakly normal flat proper Og-scheme Mg , over O with associated v-sheaf

131y fact, a version of the conjecture holds even when SV5 is not satisfied; see [Dan22, Conjecture
4.5] for the statement in this generality.
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isomorphic to M\évu‘ Following [PR24] Definition 2.1.9], if X is a scheme over Z,,
we denote by X9/ the coproduct
_ o
X = X Uxey,, (Xg,)°
The following conjecture is [PR24, Conjecture 4.9.2].

Conjecture 4.1.5. There is a smooth morphism of algebraic stacks
Tar,g: LK (G, X) = [Mg /6],

together with a 2-commutative diagram

I (G, X)) 2, Shtg

0
[t |

[ éw/goq - [ éw/go}'

This conjecture is known under some mild technical assumptions by [DvHKZ24|
Theorem 4.3.6] (using [KP18], [KZ21], [KPZ24]). To state this, we need the notion of
a connected reductive group G over Q, being acceptable, [KZ21, Definition 3.3.2[;
this is automatic if p > 5 or if G splits over a tamely ramified extension of Q,.
Similarly we need the notion of G being R-smooth, see [DY24, Definition 2.10] and
[KZ21], Definition 2.4.3]; this is automatic if G splits over a tamely ramified extension
of Q, by [KZ21, Proposition 2.4.6].

Proposition 4.1.6. Let (G, X,G°) be a triple of Hodge type with G° a parahoric.
If p is coprime to 2 - w1 (GY") and the group G is acceptable and R-smooth, then

Conjecture holds for Sk (G, X).

4.2. Tgusa stacks. The following conjecture is [Zha23, Conjecture 1.1.(4)], al-
though we make the additional assumption that (G, X) satisfies the equality of (4.1.2)
and we allow quasi-parahoric models G of G.

Conjecture 4.2.1. There is a small v-sheaf Igs(G, X) over SpdF), equipped with an
action of G(AIJD@) and a G(A?)—invariant map

7t : 1gs(G, X) — Bung 1.

Moreover for every quasi-parahoric model G of G with K,, = G(Zy,), there is a G(AZ;)—
equivariant map

Qlgs YKP(G,X)Q — Igs(G, X)

such that the following diagram is 2-commutative and 2-Cartesian

i, (G, X)* "% Shtg 521

i‘ﬂgs lBL"

Igs(G,X) — 1T Bung 1.
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Furthermore, the formation of Igs(G, X) is functorial in morphisms of Shimura data
and compatible with the morphism Tt and the 2-Cartesian diagram above.

Remark 4.2.2. We emphasize that the v-sheaf Igs(G, X) is defined over F,, and not
kg. In fact, the bottom row of the diagram is defined over Spd IF,, while the top row
is defined over Spd Opg.

Remark 4.2.3. In fact, it is conjectured more generally that there is a “big” Igusa
stack living over the whole Bung instead of just the locus bounded by p. However,
for the time being we can only make use of the Shimura variety, so we are content
with the statement of the current conjecture.

4.3. Perfect Igusa varieties. Let (G, X) be a Shimura datum satisfying (4.1.2)
and let K, € G(Qp) be a parahoric subgroup with integral model G = G°. We
will assume in the rest of this section that there is a stack Igs(G, X) sitting in a

2-Cartesian diagram as in . We let Igs(G, X)™ be its reduction.

4.3.1. We use .7, (G, X)perf to denote the perfect special fiber of .7k, (G, X), which
is naturally identified with (k. (G, X),CE)red (., (G, X)°)rd (see Lemma .
The reduction of the morphism 7erys : -7k, (G, X)° — Shtg,, gives rise to a morphism

med s Sk, (G, X)perf — Shty > See Lemma Its composition with the reduction
of BL® : Shtg, — Bung gives rise to a morphism YKP(G,X)izrf — G-Isoc, see
Section Since reduction is a right adjoint (see [Gle22, Definition 3.12]), it
commutes with limits. Therefore, we get a Cartesian diagram

red

T, (G, X)F T She,
(43 ].) lqi‘;g J{BLo,red

7red

Igs(G, X)) —1 G- Isoc<,,—1

4.3.2. Let b: SpecF, — G-Isoc<,,~1 be a morphism. Then we define the perfect
Igusa variety Ig®(G,X) to be the fiber product

g"(G,X) —— Igs(G,X)"™
J/ Jfred
HT
SpecF, —2— G-Isoc< -1
If we modify b by a o-conjugate
g 'ba(g) =1,

where g € G(Qp), then ¢ induces a 2-isomorphism between the two maps
b,b': SpecF, — G-Isocc,-1. It therefore induces an isomorphism

1g°(G,X) = Ig¥ (G, X).
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In particular, this induces an action of the o-centralizer Gy(Q,) C G(Q,) of b on
Ig%(G, X).

After possibly replacing b by a o-conjugate, we may arrange using Proposi-
tion that there is a lift of b: SpecF, — G-Isoc<,-1 to b : SpecF, — Shtg’/#.

Then from the definition of Ig®(G,X) together with the 2-Cartesian diagram in
(4.3.1)), we have a 2-Cartesian square

Ig?(G,X) ——— Spec F,

(4.3.2) i Jb

red
T, (G P T Suely

It follows from this 2-Cartesian diagram that Igb(G, X) agrees with the perfect Igusa
cover corresponding to 75 defined in [IK22, Section 2.14].

crys

Lemma 4.3.3. The perfect Igusa variety Igb(G,X) is representable by a perfect
scheme.

Proof. This follows from [HK22, Proposition 2.15.(1)], which says that Ig®(G, X) —
Yk, (G, X)}erf is representable by an affine morphism of perfect schemes. O

4.3.4. Central Leaves. By (4.3.2) and [HK22, Proposition 2.15.(3)], there is a lo-
cally closed central leaf Cf; C i, (G, X)}gzrf such that O is closed in the Newton

stratum g, (G,X)}erf X aiisoe G-Isocl’ | and such that the morphism Ig?(G,X) —
x, (G, X)gzrf constructed in (4.3.2) factors through a morphism Ig®(G,X) — C}’(p.
The Fp-points of C}’(p can be characterized as the subset of . (G, X)zzrf(Fp) con-
sisting of those x such that = — LVKP(G,X)E;lrf — Shtg{u is isomorphic to b. By
[HK22, Lemma 2.17], the morphism Igb(G,X) — C’}’(p is a pro-étale torsor for the
profinite group I'y = G,(Q,) N Q(Zp).

Since the morphism .7k, (G,X)I]zzrf — Sht, is G(A)-equivariant, we find that
C’;(p C pr(G,X)gzrf is G(A%)-stable and that G(A%) acts on Ig°(G, X) such that
the morphism Ig®(G,X) — C}’(p is G(A’})—equivariant. Thus we see that for each
KP? C G(A%) there is an Igusa variety Ig% (G, X) — C% ¢ yK(G,X)Eer. Note that
C’}’( is the perfection of a finite type scheme.

Corollary 4.3.5. The Igusa variety Igb(G,X) is an inverse limit of finite étale
covers of C%.

Proof. Since the Gy(Q,)-action on Ig?(G,X) commutes with the G(A?)—action, we

see that Ig®(G,X) — C% is a pro-étale torsor for the profinite group I'y, x K?, and
the result follows. O
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4.3.6. For the proof of Theorem [V} we will need to know the dimension of C%.
For [b] € B(G) we let v, be the conjugacy class of fractional cocharacters of G over
Q, given by the Newton cocharacters of b € [b]. We denote by dy = (2p, ) the
pairing of v, with 2p, where 2p is the sum of all positive roots for some choice of
Borel BC G® @p.

Lemma 4.3.7. Suppose that K, is an Twahori subgroup. If Conjecture holds,
then C’}’( is the perfection of a smooth and equidimensional F,-scheme of dimension

dy.

Proof. The local model diagram mqr,g of Conjecture defines a stratifica-
tion of the special fiber Zk(G,X); . into smooth Kottwitz-Rapoport (KR) strata
Ik (G, X);,,, (w) indexed by Adm(p~1) ¢ W. Indeed, the finite set Adm(p~!) in-
dexes the G-orbits in Mg , 1, see [AGLR22, Theorem 6.16] and [PR24, Equation
2.4.5].

T}]1e generic fiber of Mg ,, is the flag variety for G associated to p, and is there-
fore of dimension (2p, p1); it follows from flatness that Mg , 1, is also of dimension
(2p, p). This is equal to the dimension of .7k (G, X) kEH and so it follows from the
local model diagram that the dimension of Mg , 1, (w) is equal to the dimension
of YK(G,X)}Z?f(w) for w € Adm(p~!'). The dimension of the orbit Mg , k. (w)
corresponding to w is equal to the length of w, see [AGLR22, discussion before
Proposition 3.7], and therefore the dimension of YK(G,X)ngf(w) is equal to the
length of w as well.

The remainder of the argument is standard (compare, for example, [vanHX21]
Section 2.5]), but we include it for the sake of completeness. Given =z €
K (G, X)I,zzrf (F,), we get a shtuka in Shtg ,,(F,) which defines an element b, € G(Q,)

well defined up to o-conjugation by G (Zp), see [PR24] Section 4.2]. It follows from
Conjecture that the point z lies in .k (G, X)zzrf(w) if and only if

bx € Q(Zp)wg(Zp)-
If w is o-straight in the sense of [Hel4, Section 2.4], then by [Hel4, Proposition 4.5]
the double coset
g(zp)wg(zp)

is equal to a single G (Zp) orbit under the o-conjugation action. In other words,
the perfection of the KR stratum .# (G, X), (w) is a central leaf. Thus it lies in a

single Newton stratum %, (G, X)gzrf’[bw] depending on w. Then I(w) = (2p, vp,]) =
dp, as explained in [SYZ21 Section 1.2.10]. It follows from a result of He, see
[SYZ21], Theorem 1.3.5], that for every [b] € B(G, u~!) there is a o-straight element
w € Adm(p~!) such that yK(G,X)izrf(w) lies in yK(G,X)Eer’[b]. Thus for each

[b] € B(G,p~ ') the Newton stratum YK(G,X)izrf’[b} corresponding to [b] contains

14Indeed, the dimension of the symmetric space X is equal to (2p, u), as is well known.
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a central leaf that is the perfection of a smooth and equidimensional F,-scheme of
dimension dp. Since the Igusa variety does not depend on the choice of b € [b],
it follows that the same is true for all central leaves in that Newton stratum (two
central leaves share a common finite étale cover coming from the common Igusa
variety). O

4.4. Igusa varieties in the perfectoid setting. Let the notation and assump-
tions be as in Section For b € G(Q,) with [b] € B(G,u™!), there is a corre-
sponding map

SpdF, — Bung,

see [Ans23, Theorem 5.3]. We then define the v-sheaf Igusa variety Ig%V(G,X) as
the fiber product

Ig"V(G,X) —— Igs(G, X)
J \FHT
SpdF, RN Bung.

Since b : Spd Fp — Bung factors through Bun[g — Bung via a Gj-torsor

b:SpdF, — Bun[g],

we see that Ig»V(G,X) — SpdF, is a Gj-torsor. Note that the G(Aiﬁ)—aetion on
Igs(G, X) induces an G(A?)—action on Ig®"(G, X), which commutes with the Gy-action
since Igs(G, X) — Bung is G(A?)—equivariant. As in Section if g~ tbo(g) =V,
then there is a G(A’;)-equivariant isomorphism

1577 (G, X) & Igh" (G, X).

4.4.1. By Lemma we may, after replacing b by a o-conjugate, lift b to a Spd F,,
point of b : SpdF, — Shtg ,. Then from the definition of Ig®(G, X) together with
the 2-Cartesian diagram in (4.3.1), we have a 2-Cartesian square

Ig"(G,X) — SpecF,

(4.4.1) J lb

i, (G, X)® %5 Shig.,,.

P

Recall from [Gle22, Section 3.2] that there is a natural map <5”[(Z](G,X)I/;er’<> —
Sk, (G, X)°.

Lemma 4.4.2. Let X be a perfect scheme together with a morphism f: X — ShtY’,
which corresponds to f©: X° — Shtg wia the isomorphism (Shtg)™d ~ Sh‘czv from



36 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

Lemma . Choose an element b € G(@p), which induces maps SpecF, — Sh‘cgv
and SpdF,, — Shtg by taking trivial G-torsors, and consider the fiber products

Y —— specF, @ — . SpdF,

[ A

X sm¥,  x° 7 Shg.

Then % is the canonical compactification, in the sense of [Sch17, Proposition 18.6],
of the map Y° — X°.

Here, recall that [HK22, Proposition 2.15.(1)] implies that Y is representable by
a perfect scheme and Y — X is affine.

Proof. Since the question is local in X, we may as well assume that X = Spec A is
affine. Let us write (P, ¢p) for the G-shtuka on X corresponding to f, where P is a
G-torsor on W(A). For each S € Aff**f an S-point of Y is the data of an S-point
x: SpecS — Xﬁp together with a trivialization z*P = Gw(s) under which ¢ » on
the left hand side agrees with b on the right hand side.

On the other hand, for each (R, RT) € Perf, an (R, R")-point of % is the data
of an RT-point z: Spec R — Xf, together with a trivialization

T"Plyig.o0) (RRF) = G X V)o,00) (R, RT)

under which ¢p corresponds to b. The category of G-torsors on Vg ) together with
a meromorphic action of ¢ does not change when we replace R™ with R°; this follows
from applying the Tannakian formalism to [PR24] Proposition 2.1.1]. Therefore we
may instead parametrize isomorphisms

'/E*,P’y[o,w)(P%Ro) = g x y[O,oo) (Ra Ro)

intertwining ¢p and b.

We also know from [PR24, Proposition 2.2.7] that the restriction from Spec W (R°)
t0 Vjo,00) (R, R°) induces a fully faithful functor from Breuil-Kisin-Fargues modules
for R° to shtukas for (R, R°). Hence an isomorphism between the two shtukas
uniquely lifts to an isomorphism

¥ Pspec w(re) — G X Spec W(R®).
This shows that (R, RT)-points of % correspond to diagrams of the form

Spec R°® —— Y

l |

Spec RT —— Xz,

which means that % is the canonical compactification of Y — X ¢ . This is also the

same as the canonical compactification of Y° — X° as Xf — X is integral. U
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Corollary 4.4.3. The map Ig®V(G,X) — Sk, (G, X)®  factors through
YKP(G,X)Eer’Q. Moreover, the induced map 1g> (G, X) — <5”1(P(G,X)zz‘rf’<> is iso-

morphic to the canonical compactification of the map Ig®(G,X)* — YKP(G,X)inf’Q

from the proof of Lemma [].3.3

Proof. Since the bottom row of (4.4.1) lies over Spd Op, we can further regard
Ig”V(G, X) as the fiber product

Ig"(G,X) ——— SpdF,

! |

pr(G,X)}z:f’o Em— Shtg#.
We now apply Lemma to X = 7k, (G, X)};Zrf — Shtgv to conclude. O

4.4.4. We consider the inverse image Sh(G,X)%% under Sh(G,X) — Sth(G,X)<>
of the open subspace .7k, (G, X)® Xspaoy Spd E C Shg, (G, X)<>7 and we write Ty
for the restriction of meys to this inverse image. Let C' be an algebraically closed
complete non-archimedean field containing £ with ring of integers O¢, and let z

be a Spd(C,O¢)-point of the flag variety Grg ,-1. Then the image of z under

the Beauville-Laszlo map lies in Bun[g C Bung for some [b] € B(G,u™1), see

[CS17, Proposition 3.5.3]. Choose an element b € [b] and let Ig® = Igb(G, X) be the
perfect Igusa variety over I, associated to b. Let Ig% be the Witt vector lift of
P

Ig®, which is a formal scheme over Spf Zp. Denote by Ig% the adic generic fiber of
b

Igzp XSptZ, Spf Oc¢.

Proposition 4.4.5. There is a monomorphism Iglg<> — wlc’{;l(x) inducing an iso-

morphism on canonical compactifications.

Proof. There is a Cartesian diagram

Sh(G,X)*" ML Grg 1

(4.4.2) J J

Igs(G,X) ——— Bung,

and it follows from this Cartesian diagram in (#.4.2) that Ig®¥(G,X) X$pdF,
Spd(C, O¢) is the fiber of myT over x. We now make the identification
b
18°(G, X)° Xgpaf, SPA(C, Oc) = Iy,

and the result now follows from Corollary [1.4.3] together with fact that the formation
of the canonical compactification is stable under base change, see [Sch17, Proposition
18.7]. O
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4.5. A product formula. In this section we develop an almost product structure
for perfectoid Igusa varieties, generalizing [Zha23l, Corollary 11.26], [CS1T, Propo-
sition 4.3], [Man05}, Proposition 11]. Let b € G(Q,) such that the triple (G, b, i) is
a local Shimura datum in the sense of [SW20), Definition 24.1.1]. Then associated
with (G, b, ) is the integral local Shimura variety Mg%,u as in [SW20, Section 25.1].
We have the following lemma, see [DvHKZ24, Lemma 3.1.6].

Lemma 4.5.1. There is a Cartesian diagram

i (]
Mgtbu Shtg Nz

e

SpdF, —— Bun[g] .

4.5.2. Let the notation and assumptions be as in Section [£.3] For an element
b € G(Qp) with [b] € B(G,u™'), we can restrict the Cartesian diagram to the
corresponding Newton stratum. This results in the Cartesian diagram

S, (G, X)) —— Sntld),

| !

Igs(G, X)[b] —_— Bun[g,

where S (G, X)O’[b] = 7k,(G,X)° XBung Bun[g] as in (2.1.1)). Once we further base

change along the map SpdF, — Bun[Gb] induced by a choice of b € [b], we obtain

(using Lemma above)
Tx, (G X) ]y —— MG
Ig®V(G,X) —— SpdT,,.

By Theorem the entirety of the second diagram is a Gj-torsor over the first
diagram. The following corollary generalizes [Zha23|, Corollary 11.26], [CS17, Propo-
sition 4.3], [Man05, Proposition 11].

Corollary 4.5.3. There exists a canonical G(Ag)—equivariant map of v-sheaves
b’V _ int O, b
18"V(G, X) xgpqr, ME, = L, (G, X)),
that is a Gy-torsor in the v-topology.

5. SHIMURA VARIETIES OF HODGE TYPE

The goal of this section is to recall the integral models of Shimura varieties of
Hodge type constructed in [PR24] and [DvHKZ24]. We then discuss the universal
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abelian scheme (up to prime-to-p isogeny) and its extra structure, and finally give
a definition of Igs(G, X).

5.1. Recollection on integral models. For a symplectic space (V, 1)) over Q we
write Gy = GSp(V, ) for the group of symplectic similitudes of (V) over Q. It
admits a Shimura datum Hy consisting of the union of the Siegel upper and lower
half spaces. For a self-dual Z,-lattice Vz, C Vg, we write M, = GSp(Vz,)(Zy).
For M? C GV(N}) neat compact open we write M = M,MP and we consider the
Shimura variety Shy;(Gy,Hy ) of level M as a scheme over Q. It has an integral
model % (Gy, Hy) over Z, which is the moduli space of (weakly) polarized abelian
schemes (A, \) up to prime-to-p isogeny with MP-level structure n?, see [Del71l Sec-
tion 4]. By [PR24, Theorem 4.5.2], the system of integral models {-#3/(Gy, Hy') } arv
is a canonical integral model of {Sh;(Gy,Hy)}asm.

5.1.1. Let (G,X) be a Shimura datum of Hodge type with reflex field E, let p be
a prime and write G = Gg,. Fix a place v above p of the reflex field E, and let
E be the completion of E at v with ring of integers Op and residue field kg. For
any neat compact open subgroup K C G(Af) we will consider the Shimura variety
Shx (G, X) as a scheme over E. We will also consider the inverse limit

Sh(G,X) = 1£1 Shy (G, X),
KCG(AJC)
which is an E-scheme (because the transition morphisms are affine) and is equipped
with an action of G(Ay). We will moreover consider the v-sheaf Shx (G, X)?, which

is a diamond by [Schi17, Lemma 15.6] because the (—)?-functor factors through rigid
analytification, see [AGLR22, Remark 2.11].

5.1.2. Let G be a stabilizer Bruhat-Tits model of G over Z, and let K, = G(Z,).
We let H C G be an open quasi-parahoric subgroup (thus with G° C H) and let
K, = H(Z,). For K? C G(A?) a neat compact open subgroup we write K =
K,K? and K' = K,K?. Then by [DvHKZ24, Theorem 4.1.3], there are canonical
integral models {.7k/(G,X)}k» and {Zx (G, X)}k» over Op. Applying [DvHKZ24,
Corollary 4.0.10] and the proof of [DvHKZ24| Theorem 4.0.13] we see that there is
a 2-Cartesian diagram

T (G, X)° T Shitgy 51

(5.1.1) i J

Fi (G, X)° %% Shtg 5ot

We will also consider the integral model with infinite level away from p
Ik, (G X) = lim T, k» (G, X),
KPCG(AR)
which is an Opg-scheme equipped with an action of G(A’}). Similarly, we define

%@(G,X), the formal integral model with infinite level away from p, to be the
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p-adic completion of (G, X), which represents the limit

l.&n %(FKP(CUX)
KPCG(A?)

in the category of formal schemes over Spf Og. We will use similar notation for K’
in place of K.

5.1.3. The integral models of [DvHKZ24, Theorem 4.1.3] are constructed as follows.
Because G is the stabilizer of a point in the extended building B¢(G,Q)), it follows
from the discussion in [KMPS22] Section 1.3.2] that there exists a Hodge embedding
t:(G,X) = (Gy,Hy) and a Z-lattice Vz, C Vg, on which 1 is Zy-valued, such that
G(Z,) is the stabilizer in G(Q,) of Vz,®z, Z,. By Zarhin’s trick, see [SYZ21, Remark
2.2.4], we may moreover assume (after possibly changing ¢ and the symplectic space)
that Vz, is a self-dual lattice.

The fact that G(Z,) stabilizes Vi, implies, by [KP23| Corollary 2.10.10], that

G — Gy extends to a morphism G — Gy = GSp(Vz,). By [Kis10, Lemma 2.1.2],
for K C G(A%}) we can find M? C Gy (Af}) containing K? such that the natural
map

Shx (G, X) — Shy (Gy,Hy) ®q, £

is a closed immersion, where M, = GSp(Vz,)(Z,). We then define .7k (G, X) to be
the normalization of the Zariski closure of Shx (G, X) in “y(Gy, Hy) ®z, Op. We
further define .#%/(G, X) to be the normalization of .k (G, X) in Shg (G, X).

Remark 5.1.4. By Lemma Kk(G,X)® is the sheafification with respect to
the analytic topology of the presheaf on Perf

Fi(G,X)P S s {(SF, z)}

which assigns to S = Spa(R, RT) the set of pairs (S, z), where S* = Spa(R*?, R*)
is an untilt of S over Op and x : Spf R** — .7k (G, X) is a morphism of formal
schemes over Spf Op. The analogous statement holds when K is replaced by K’.

5.1.5. Potentially crystalline loci. Let Shy (G, X)*™ denote the rigid analytification
of Shi (G, X), i.e., Shi (G, X)™ is the fiber product

ShK(G, X)an = ShK(G,X) XSpec E SpaE

in the sense of [Hub94, Proposition 3.8]. By [IM20], there is an open immersion
Shy (G, X)° C Shg (G, X)™ of rigid spaces over FE, see [IM20, Theorem 5.17]. The
rigid analytic space Sh (G, X)° is called the potentially crystalline locus. The for-
mation of Shg (G, X)° is compatible with changing K, see [IM20, Corollary 5.29],
and we will also consider

Sh(G.X)?:= lim Shy(G,X)".
KCG(AJC)



IGUSA STACKS AND THE COHOMOLOGY OF SHIMURA VARIETIES 41

Lemma 5.1.6. There is a unique isomorphism
Shi(G,X)*Y & .7k (G, X)® Xspao, Spd E
compatible with the two open immersions into Shy (G, X)°.

Proof. The inclusions of Shg(G, X)o’<> and Yk (G,X)° Xgpao, SpdE into
Shy (G, X)<> each identify their respective subdiamond with the pullback of the good
reduction locus on the Siegel Shimura variety along the closed immersion

Shx (G, X)? = Shy(Gy, Hy)$g.

Indeed, the statement for Shy(G,X)" follows from its construction, cf. [IM20),
Proposition 5.16.(iii)], while for .7 (G, X)® it follows from Lemma below. 0O

Lemma 5.1.7. Let f : X — Y be an integral morphism of schemes over O, then
the diagram

X —— X©

J{fo J{f@
Yo — 5 v°

is Cartesian.

Proof. Since the statement is compatible with Zariski localizations, we may without
loss of generality assume X = Spec A and Y = Spec B are affine. Then given a
test object S = Spa(R, Rt) in Perf, a map from S to Y° xyo X9 amounts to an
isomorphism class of pairs consisting of an untilt S* = Spa(R*, R*t) over Og, and
an Op-algebra homomorphism A — Rf, such that the composition B — A — Rf
factors through Rf". But since B — A is integral, while Rt C R! is integrally
closed, this amounts to the pair consisting of S* = Spa(R¥, R*t), and an Og-algebra
homomorphism A — R'*, i.e., an S-point of X°. ([l

5.1.8. Etale local systems. For a scheme X, we write Xoe; for the pro-étale site
of X as in [BS15]. We will denote by A}} the sheaf of topological groups on Xproet
obtained by sheafifying the presheaf

U ~ {continuous maps [U] — A%}.

More generally, for a topological space T and any site whose objects have underlying
topological spaces, we use the notation 71" for the sheaf attached to the presheaf
sending an object U to the set of continuous maps from |U| to T'. Following [Han16|
Definition 1.1], we define A]}LOC(X) to be the category of A?—modules that are

pro-étale locally on X isomorphic to Aﬂ’c’@” for some integer n.

We write m : A — k(G,X) for the pullback of the universal abelian scheme
up to prime-to-p isogeny over .3 (Gy,Hy) along .k (G,X) — S (Gy,Hy). We
denote by VP the dual of leproet,*&}. For a map z : Spec R — Yk (G, X), we will
write A, for the pullback of A, and similarly VP for the pullback along x of VP.



42 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

As in [KSZ21l Section 5.1.4], there is an exact tensor functor
(5.1.2) L? : Repg(G) — ALoc(k (G, X)),

obtained by descending the continuous KP-representation V ®q AI} along the pro-
étale Galois cover

pr(G, X) — yK(G, X)
We have that LP(V) = VP, where V is considered as a rational representation of G

by restricting the standard representation of Gy on V along G — Gy,. Note that we
use VP for LP(V') whereas in [KSZ21l, Section 5.1.4] they use VP to denote LP(V*).

5.1.9. Etale tensors. Write V® for the direct sum of V" @ (V*)®™ for all pairs of
integers m,n > 0. We will also use this notation later for modules over commutative
rings, or over sheaves of rings, and we refer to this construction as the tensor space
of V. By [Kisl0, Lemma 1.3.2] and its improvement [Delll], we can fix tensors
{ta}ace C V® whose schematic stabilizer in GL(V) is G. These tensors can be
viewed as morphisms t, : 1 — V© and thus the tensor functor gives global
sections

(ot Yacr © HO(F5(G.X),09),
Over 7k, (G, X), there is a canonical isomorphism
n: VS V® AI}
which takes ta,N} to to ® 1 for all « € &7, see [KSZ21, Lemma 5.1.9]. Denote by
Isom® (WP, V © A%)
the pro-étale sheaf of isomorphisms from VP to V ® AZ} sending ¢, AT to to ® 1 for

all & € /. This is a left G(A?)—torsor, where the action is induced by the natural

G(A’})—ac‘cion onV® A?. Note that 1 gives a section of this sheaf over ./, (G, X)
and there is an induced section

n € I'(Sk (G, X), Isom® (VP, V ®A?)/Kp).

5.1.10. Let S = Spa(R, R") be an object in Perf with an untilt S* = Spa(R!, R#),
and let 2 be a morphism z : Spf R¥t — 7% (G, X). By pulling back the universal
abelian scheme along

Spf R* — F(G,X) = Zu(Gy, Hy) ®z, O,

we get a formal abelian scheme A, — Spf R**. As explained in Section this
gives rise to a vector bundle £(A;) on the relative Fargues—Fontaine curve Xg.

The untilt S* along with the composition
Spa(R", R'*) — Spa Rft — (9 (G, X))
determines a point & of ., (G, X)°(S). In turn, via the composition

5.1.3 Fi (G, X)° T Shtg , BY Bung , 1,
G,,u G,,u
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Z determines a G-torsor P over Xg. By the Tannakian description of G-torsors, see
[SW20, Appendix to Lecture 19], this gives rise to an exact tensor functor

Lerys.z : Repg(G) — {vector bundles on Xg}.

Let Y, := A.[p™] be the p-divisible group over R associated with A,. By con-
struction, the composition

Spa(Rf, RT) — 7k (G, X)° 2% Shtg,,, — Shtar,

corresponds to the shtuka 7(Y,) defined in Section see [PR24, 4.6.3]. It then
follows from Lemma [2.5.5] that there is a canonical isomorphism

Lerys,e (V) >~ E(Yy).

5.2. The definition of the Igusa stack. In this section, we construct the Igusa
stack Igsg» (G, X) for a Hodge type Shimura datum (G, X), appearing in the state-
ment of Theorem We first construct the Igusa stack Igs(G, X) at infinite prime-
to-p level and then define the Igusa stack at finite level Igsy, (G, X) as a pro-étale
quotient of Igs(G, X), see Definition Our construction of the infinite level
Igusa stack Igs(G, X) will initially depend on some choices, but we will later verify
that the Igusa stack is independent of these choices, see Proposition

e We choose a stabilizer Bruhat-Tits quasi-parahoric model G over Z, and set
K, = G(Zy) as in Section[5.1.2]

e We choose a Hodge embedding ¢: (G,X) — (Gy, Hy) together with a self-
dual lattice Vz, C Vg, such that Q(Zp) is the stabilizer of Vz,, see Sec-
tion BT3

Let = denote the triple (G,¢,Vz,). We will denote the resulting Igusa stack by
Igs=(G, X).

5.2.1. When (G, X) = (Gy, Hy) for a symplectic vector space (V1) over Q, for each
self-dual lattice Vz, C Vg, there is a hyperspecial subgroup M, = GSp(Vz,)(Z;) C
G(Qp) and an associated natural choice

== (GSp(VZp), id, Vzp)

of auxiliary data. We shall denote the resulting Igusa stack by Igs M, (Gy, Hy ) instead
of Igs=(Gv, Hy).

5.2.2. Let (R, RT) be a perfectoid Huber pair of characteristic p. Let (R, RF1T)
and (R%, R%2T) be a pair of untilts and let @ € Rt be a pseudouniformizer w for
which there exists a maps R%* — RT /w for i = 1,2 (this can always be arranged,
see Section . Let Ay and As be formal abelian schemes up to prime-to-p
isogeny over Spf Rt and Spf R¥2T, respectively. We recall from Section that
a formal quasi-isogeny A; --» A is defined to be a quasi-isogeny A; ® ps,+ R /ww --»
A2 ®Rﬁ2+ R+/w-
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5.2.3. Given morphisms z : Spf R+ — %((G,X), y : Spf Rf2t — %((G,X) and
a formal quasi-isogeny f : A, --» Ay, there is an induced isomorphism
[:E(Az) = E(Ay)
of vector bundles on Xg with S = Spa(R, RT), see Section m There is moreover
an induced isomorphism of pro-étale sheaves over Spec RT /@
foVE—=Vr.
Definition 5.2.4. We define Igs2“(G, X) to be the presheaf of groupoids on Perf,
whose value on S = Spa(R, RT) is the following groupoid:
e an object is a pair (S¥, z) where S* = Spa(R*, R*) is an untilt of S over O
and x is a map Spf Rt — ¥k, (G, X) of formal schemes over (’)E
e a morphism f: (S, z) — (S¥2,y) is a formal quasi-isogeny
[ (A Az) == (Ay, Ay)
(see Section [2.5.2) such that the diagram

f
vt v

an lny
Ve Afc — V® Ap’
of pro-étale sheaves on Spec(R*/w) commutes for some (equivalently, any)

choice of uniformizer @ of R' (see Section [5.1.9)) and such that the induced
isomorphism (see Section [2.5.3))

f:E(Az) = E(Ay)
of vector bundles on Xg is induced by a (necessarily unique) isomorphism

of G-bundles Leyys z — Lerys y-

Remark 5.2.5. There is no canonical morphism Igs2™(G, X) — Spd O, since there
could be an isomorphism in Igs2™(G, X)(R) between (S*,x) and (S*,y) where S
and S are different untilts over Op.

Lemma 5.2.6. The presheaf of groupoids IgsZ (G, X) is O-truncated, i.e., objects
in the groupoid Igs2(G,X)(R, RT) do not have nontrivial automorphisms.

Proof. It is enough to show that for a Z,-algebra B and an abelian scheme 7: A —
Spec B, the natural map (morphisms of group schemes on the left)

Homp(A, A) ® Q — Homp(VPA,VPA)
is injective, where VP A is the prime-to-p adelic Tate module. In turn, it is enough
to show that the map
Homp(A, A) — Homp(TPA, TP A)

1oywe could, of course, equivalently say that an object is an untilt S* of S together with a map
z: Spf R*T — Jk, (G, X), as the Op-structure on R** is automatically determined.
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in injective, where TP A is the prime-to-p Tate module of A over Spec B. Let f be
an element in the kernel of Homp (A, A) — Homp(TPA,TPA).

Let us write B = lim, _ B; as a filtered colimit of finitely generated Z-algebras B;.
Then by spreading out, see [Sta23, Tag 0COC, Tag 01ZM] and [Gro66l, Theoreme
8.10.5.(xii)], there is an index ¢ € I, an abelian scheme m; : A; — Spec B; and
morphism f; : A; — A; over Spec B; such that, when we base change along Spec B —
Spec B;, we obtain m : A — SpecB and f : A — A. Since the topological space
of Spec B is the inverse limit over the topological spaces of the B;, see [Sta23, Tag
0CUF], we may moreover assume that the image of Spec B — Spec B; nontrivially
intersects each (of the finitely many) connected components of Spec B;. It now
suffices to show that f; is the zero morphism.

Since the result is well known over algebraically closed fields, see [MvEI4, Theo-
rem 12.10], we see that f; is zero for any s : Spec k — Spec B with k an algebraically
closed field. By our assumption on Spec B — Spec B;, we see that there is a geo-
metric point s : Spec k — Spec B; in each connected component of Spec B; such that
fi.s is zero. Then by [MFK94, Proposition 6.1], there is a section p : Spec B; — A;
of m; such that f; = p o m. Since f; is a group homomorphism this implies that p
is the zero section of A; (e.g. because [n] o p = p for all integers n). It follows that
fi = 0 and thus that f = 0. O

Definition 5.2.7. The Igusa stack Igs=(G, X) is the V—sheaﬁﬁcationlﬂ of the presheaf
sending (R, R") to the set of isomorphism classes in Igs% (G, X)(R, RT).

5.2.8. Hecke action. Recall from Section [5.1.2] that the integral model at infinite

level Sk, (G, X) = @Kpcc(A?) Z¥,k»(G,X) has a natural action of G(A%}). Since

the action on each finite level factors through a discrete quotient, the pro-étale sheaf
of topological groups G(AI}) acts on .7k, (G, X).

Taking the attached v-sheaves, we get an action of G(AI}) on 7k, (G,X)°. This
induces a G(A?)—action on Igs=(G, X). Indeed, on the level of presheaves, for g €
G(A’;)(S), we get a morphism Igs2(G,X)(S) — IgsZ (G, X)(S) sending = — gz
and a formal quasi-isogeny f : A, --» A, to g, o fog, 1. Here g, is the unique
quasi-isogeny g : (Az, Az) --* (Agz, Age) Preserving the polarization up to a scalar
such that the following diagram commutes

gx
p 7" )P
VP Ve,

[ [

g
VoA, —— VoA,

and g, is defined similarly.

1675 avoid set-theoretic issues, we strictly speaking have to work with the site of k-small perfec-
toid spaces, where k is an uncountable strong limit cardinal. See [Schl7, Section 4] for a detailed
discussion of the set-theoretic issues regarding v-sheafification. We will later see that the Igusa
stack does not depend on the choice of k, see Remark [6.4.6]
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5.2.9. As in [Zha23, Proposition 8.3, Remark 8.4], we have a map of v-sheaves
Qlgs : LS”KP(G,X)O — Tgs=(G, X),
obtained by sheafifying the obvious map
Tk, (G, X)*P* — Igs2°(G, X), (S*,z) — (5%, 2)
(see Remark . One checks readily that this map is G(A})-equivariant. By

construction, the map

pr(G, X)o,pre — BunG,Mfl

from (5.1.3) factors through .“%,(G,X)® — Igs2“(G,X) and thus through
qgs 7k, (G, X)® — Igs=(G, X). In this way, we obtain a 2-commutative cube

yMp(GV, HV)<> Shtgw“v
— | T
y[{p (G,X)<> Shtgju l
(5.2.1) !
lqlgs Igsyz, (Gv, Hy) ‘4> Bung, -1
— _ T
Igs=(G, X) THT Bung 1.

We will prove that the front square of ([5.2.1)) (i.e., the one consisting of objects with
index (G,X), G or G) is 2-Cartesian, see Theorem [6.0.1]

5.2.10. Fix a neat compact open subgroup K? C G(AI}).
Definition 5.2.11. We define the Igusa stack of level KP to be the quotient stack

IgSE,KP(va) = [Igs=(G, X)/K?].
Remark 5.2.12. We could also consider the v-sheafification of the following
presheaf of groupoids Igsgrj(pﬁn on Perf. For an affinoid perfectoid S = Spa(R, R"),
the objects in Igsgfi(p7ﬁn(5’) are pairs (S, z), where S* = Spa(Rf, R*t) is an untilt
of S over Op, and z is a morphism Spf Rft — Sk (G, X) of formal schemes over
Op. A morphism f : (S, z) — (S%2,y) is a formal quasi-isogeny

[ (Ag Az) = (Ay, Ay)

such that the isomorphism f : VI — VI of pro-étale sheaves on Spec R* /w sends
taA?w to ta’A?y for all o € &7, the induced isomorphism

Isom®(VP,V @ A7)/ KP — Isom®(VP,V © A})/KP
sends 7, to 7, and the induced isomorphism (see Section [2.5.3))
[:E(A) = E(Ay)

of vector bundles on Xg comes from a (necessarily unique) isomorphism of G-bundles
Lerys,z = Lerys,y- In other words, this is the sheafification of the coequalizer in pre-

sheaves of groupoids
K? x Igs2(G, X) = Igs2 (G, X).
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This defines the same v-stack as Igsz (G, X), since sheafification preserves colimits.

Lemma 5.2.13. The v-stack Igsy(Gv,Hy) = [lgsy, (Gv, Hy)/MP] is isomorphic
to the v-stack Igs of level MP defined in [Zha23, Definition 8.1].

Proof. Fix S = Spa(R,R*"). It suffices to define a functorial equivalence
Igs2 o fin (B, RT) = Igs*™ (R, RT), where = = (GSp(Vz,),id, Vz,) and Igs2 o fin
is defined as in Remark [5.2.12] Making the definition explicit, we see that

Igs%r(;wpvﬁn(R, R*) is the presheaf of groupoids whose objects are pairs (S, z), where

S* = Spa(R*, R*T) is an untilt of S over Z, and z is a Spf R*T-point of @(GV, Hy)
over Z,, where morphisms are formal quasi-isogenies A, --» A, preserving the
polarizations up to a locally constant Q*-valued function on Spec R /w. Define
Ay = Ay ®pi+ RT/w. Then the assignment

(Sﬁa J}) — (Am,()a Ly >\:Ea ﬁz)

defines a functorial map Igsgf?m, an(R,RT) — IgsP™(R,RT), where + : Z —

End(A;) ® Z,) is the obvious map.

Full faithfulness of Igs2",, o (R, RT) — Igs?°(R,R") is immediate from the
definition of morphisms on both sides, so it remains only to show essential sur-
jectivity. But this follows from formal smoothness of .#)(Gy,Hy ) over SpecZ,,
which implies that any map Spec Rt /w — %3 (Gy, Hy') over Spec Z,, lifts to a map
Spf Rt — %(GV, Hy ) over Spf Z,,. d

5.2.14. We record a result that follows easily from our definition of the Igusa stack.
This will be used later in Section 8] Recall from Section that every v-sheaf has

an absolute Frobenius.

Proposition 5.2.15. The absolute Frobenius on the Igusa stack Igs=(G,X) is the
identity map.

Proof. We instead check that the absolute Frobenius on the presheaf Igs2™(G,X)
is the identity. Let S = Spa(Rf, R™) € Perf be any affinoid perfectoid and fix
a point x: Spf Rt — %@(G,X). We need to verify that if we regard R' as two
different untilts of R, one Frobenius-twisted by another, then there exists a formal
quasi-isogeny (Az, A\z) --» (Az, \y) preserving the étale trivializations and the G-
structures on L.

Choose a pseudo-uniformizer w € Rt that divides p. Unravelling the definition
of a formal quasi-isogeny, cf. Section [2.5] we see that it suffices to find a quasi-isogeny
between the two abelian varieties Ay |gpec pi+ ) and D pec Ri+ /wa]SpeC Ri+ /e PrE-
serving the extra structures. But the relative Frobenius on A, is such a quasi-
isogeny. ([

5.3. Comparison of crystalline tensors. This is a standalone section whose goal
is to compare the crystalline tensors constructed in [HK19] with those coming from
the morphism .7k (G,X)® — Shtg ,. This can be used to show that the (perfect)
Igusa varieties we define in Section agree with the ones defined by Hamacher—
Kim in [HK19] (under the hypotheses of loc. cit. that we will recall below).
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5.3.1. Let (G, X) be a Shimura datum of Hodge type as before. Assume in addition
that p > 2, that G is tamely ramified over Q, and that p is coprime to the order of
711(G4°r). Let G be a stabilizer parahoric group scheme, let i : (G, X) — (Gy, Hy/) be
a Hodge embedding and choose a self-dual Zy-lattice Vz, C Vg, such that G (Z,) is
the stabilizer in G(Qp) of Vz,. By [Kis10, Lemma 1.3.2], we can find tensors

{tataca € Vz,

such that their stabilizer can be identified with G E
By [Kis10, Lemma 2.1.2], for K? C G(A%}) we can find MP C Gy (A%) containing
KP such that the natural map

ShK(G,X) — ShM(Gv, Hv) ®Qp FE
is a closed immersion, where M), = GSp(Vz,)(Z;). Then there is a corresponding
finite morphism .k (G, X) — %3(Gy, Hy) as in Section We will also consider
pr(G, X) — yMP(Gv, Hv)oE and we let pr(G, X)gzrf — yMp (Gv, Hv)ﬁjrf denote
the induced morphism on perfect special fibers.

5.3.2. Let A be the universal abelian scheme up to prime-to-p isogeny over
', (Gy, Hv)gjrf and let A also denote its pullback to .k, (G, X)Ezrf. Let Y = A[p™]
be the p-divisible group of A, let D = D(Y)* be as in Section and let D® be its
tensor space.

In [HK19, Section 3, Proposition 3.3.1] Hamacher-Kim construct ¢y-invariant
tensors {fa HK crys facwr C D®. As explained in the discussion before [PR24, Theo-
rem 4.5.2], there are étale tensors

{ta,ét}aeyi’ C F(Sth(G, X)avg)a
where V), is the Zj-local system corresponding to the relative p-adic Tate module of
A. The tensors tq HK crys Satisfy the following property (see [HK19), Corollary 3.3.7]):
For every point z : SpecF, = 7k, (G, X)izrf and every lift z : Spec Op — Yk, (G, X)
of Z where F' is a finite extension of Op, the crystalline comparison isomorphism

Vp,z ®Zp Bcrys — DE ®Zp Bcrys

matches tq 4. ® 1 with o HKcrysz ® 1 for all @ € &/'. Note that this uniquely
perf
kg

Let Df = DA(Y) and let D*® be its tensor space; note that D»® = ((¢~1)*D)?.
The tensors {tq}acy’ C VZ% give rise to (¢y-invariant) crystalline tensors

characterizes the sections ¢, HK crysz for all Z : Spec Fp — Yk, (G, X)

{ta.PR.crys face’ C DF® on Ik, (G, X)gzrf using the Tannakian interpretation of tor-

sors and the morphism .k, (G, X)I,z(;rf — Shtg’/# defined by Pappas—Rapoport. The
following proposition is the main result of this section.

Proposition 5.3.3. We have an equality ¢*to PR crys = ta,HK crys,z for all o € &'.

1THere we use &' to denote the indexing set of the tensors to distinguish it from the set 7 from

Section
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We will need the following statement from [PR24].

Lemma 5.3.4. For every point Z : SpecF, — pr(G,X)izrf and every lift z :
Spec O — Jk,(G,X) of Z, where F is a finite extension of Op, the crystalline
comparison isomorphism

Vp,z ®Zp Bcrys — DE ®ZF Bcrys
matches to ¢, ® 1 with ¢*ty pr @ 1.
Proof. This is explained in the proof of [PR24, Lemma 4.6.5]. O

Proof of Proposition[5.3.3 If R is an Fp-algebra, let D denote the evaluation of D
on the PD-thickening W(R) — R. There is an affine morphism D — .k, (G, X)zzrf

representing the functor (R — YKP(G,X)IIzzrf) > Dp, since Dg is étale locally on

R isomorphic to W (R)®" and R + W (R)®" is representable by the affine scheme
LTAM, see Section

It follows in the same way that there is a scheme D® with an ind-affine morphism
D® — (VKP(G,X)I/,:;rf representing the functor (R — .k, (G,X)zzrf) — D%. For
each o in &7’, the tensors ¢*t,,pr and t, px define morphisms .%f (G, X)ZZrf — D%,
and we are trying to show that the two are equal. Since the source is separated
and quasicompact, and since the target is ind-affine, there is a closed subscheme of
%, (G, X);];er where they agree. By Lemma@and the characterization of tensors

constructed by Hamacher—Kim, this closed subscheme contains YKP(G,X)E?(FP)
and is thus equal to Sk, (G, X)I,zzrf. O

6. PrRoOOF oF THEOREM [VII|

Let us return to the notation of Section 4] That is, let (G, X) be a Shimura datum
with reflex field E, let G be a quasi-parahoric model of G := Gq, over Z;, and let
K, = G(Z,). Choose a prime v of E above p, let E = E,, and let 1 denote the
G(@p)—conjugacy class of cocharacters of G corresponding to X and v.

In this section we prove that for the integral models of Hodge type Shimura vari-
eties at stabilizer Bruhat—Tits level, the 2-commutative diagram in Conjecture
is 2-Cartesian. More precisely this is the following theorem.

Theorem 6.0.1. Let (G,X) be a Shimura datum of Hodge type and let G be a
stabilizer Bruhat-Tits model of G over Z,. For a choice of = = (G,1,Vz,) as in
Section[5.4, the diagram

16,6, X)° =% Shig 521

iQIgs J{BLO

Igs=(G, X) _THT Bung , 1

of small v-stacks on Perf is 2-Cartesian.
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Remark 6.0.2. If H is another quasi-parahoric model of G equipped with an open
immersion # — G inducing K}, := H(Z,) C K, then it follows from (5.1.1]) that we
have a 2-Cartesian diagram

T (G, X)" 2% Shitgy -1

J{‘Hgs lBLO

Igs=(G, X) LN Bung 1.

For convenience, we define a presheaf and sheaf version of the fiber product
FPre = Igs2(G, X) XBung 1 Shtgus=1, F =1Igs=(G,X) XBun, ,_, Shtg -1,

so that there are natural maps .k, (G,X)"""® — FP — F of presheaves of
groupoids. It follows from Lemma [5.2.6] and Lemma [2.3.4] that FP™ and F are
0-truncated.

6.1. Pappas—Rapoport uniformization. To prepare for the proof of Theo-
rem we discuss the uniformization map constructed by Pappas—Rapoport
[PR24]. Denote by kg be the residue field of Of as before. For a perfect field [ in
characteristic p together with a fixed embedding e: kg — [, we write

Wog,e(l) == Or @w(kp).e W(0).
We define the integral local Shimura variety as follows.

Definition 6.1.1 ([SW20, Definition 25.1.1], [DvHKZ24, Definition 3.1.5]). Let {
be a perfect field of characteristic p together with an embedding e: kg < [, and let
be GIW()[p~t]). The integral local Shimura variety

M e = SPAWo, (1)

is the v-sheaf on Perf that assigns to each affinoid perfectoid space S the set of iso-
morphism classes of tuples (S¥, 2, ¢ 5, 1,.), where S* is an untilt of S over Wo, (1),
where (2, ) is a G-shtuka with one leg along S* bounded by p, and where ¢, is
an isomorphism

trt Gly ey (9) = LAYy (8)
for r > 0, which satisfies ¢, 0 ¢ = (b X Frobg) o ¢,.

Let G° denote the parahoric group scheme corresponding to G, i.e., G° is the
ideptity component of G. By [PR22, Theorem 4.4.1], the natural map /\/lg%,b’ pe =
MG, . 18 finite étale. We define

int S int int int
MGy po=1.e = MG p e = MG pe) © MGl e

which is an open and closed sub-v-sheaf.
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6.1.2. The image of any z in .7k, (G, X)(l) under 7crys defines a Spdi-point of
Shtg,s=1. Choose a representative b, € G(W(l)[p~!]) for the associated G-
isocrystal, see Section Let e : kg — [ be the map corresponding to
x: Specl — 7k, (G, X) — Spec kg, so that attached to x is a base point

xo: Spdl — Mlgn’tbm“’(;:lﬁ,

given by the Spd [-point of Shtg , s—1 corresponding to x, together with the isomor-
phism between its associated G-isocrystal and (Gyy (-1, bz)-

6.1.3. Pappas—Rapoport constructed a uniformization map under a certain condi-
tion U, see [PR24, Section 4.10.2]. This condition U was later verified by Gleason—
Lim—Xu [GLX23] through studying the connected components of affine Deligne—
Lusztig varieties. It was extended to stabilizer Bruhat—Tits groups in [DvHKZ24].

Theorem 6.1.4 ([DvHKZ24| Theorem 4.4.1], [GLX23|, Corollary 6.3]). There exists
a uniformization map

. int o
Gg,.l’ : Mlgnvb17u75:17e _> pr (G7 X>WOE,e(l)
sending the base point xg to x, which moreover restricts to an isomorphism

O Aqint 0
@ng ’ Mlgrlvbzvu76:17e/m0 ) ’

= (7, (G, X)WOE,e(l)/x

o —

Here, by Sk, (G, X)y, ) we mean the formal completion of a Shimura variety
E»€ x
Sk, k0 (G, X)WO 0 of finite level at the image of x, which doesn’t depend on the
E»€
level as the transition maps are étale. In the Siegel case, the uniformization map

% ~ t gy
RZG, sy e = MGy by — 1, (Gv, Hy )y

can be identified with the functor (—)° applied to Rapoport-Zink uniformization in
the sense of [RZ96], where RZg,, ,,,, », is the formal scheme over Spf W (l) represent-
ing the moduli of formal quasi-isogenies A, [p*>°] --+ X preserving the polarization
up to a scalar in Q) see [RZ96) Definition 3.21].

Lemma 6.1.5. The composition
i 95,58 Tcrys
Mlgnatbzvlivazlﬁ yKP (G’ X)?/VOE’E(I) - Shtg,u,zS:l
is given by the functor sending a tuple (S, P, 5, 1,) to the G-shtuka (P, ¢ ») with
one leg at S.

Proof. This is part of the statement of [DvHKZ24, Theorem 4.4.1]; we include a
proof for convenience: The lemma follows from the construction of the map Og ..

In [PR24, Lemma 4.10.2.(a)], the map c: RZg%m’e — Migrt%I’M’5:17e is constructed

by putting a framing on the G-shtuka obtained via

RZ,0

©
g,z
RZG we = S5,(G X)) = Shtg g1

As ¢ is an isomorphism and Og , = @gi’o o ¢!, the claim follows. ([l
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By [PR24, Equation (4.10.4)], the above map sits in a commutative diagram of
v-sheaves
g«

Mignytbmuﬁ:l,e yKP(G’X)?VoE,e(l)
(6.1.1) J i
Mint Spd O VD o e e
G by v X8pdz, PPAVE —— Mp( vV V)W(l)®ZpOE
over Spd W (l). Here, for the Siegel local Shimura variety Migrl‘t7bi (o) ov? W€ SUPDTess

the embedding IF,, < [ since there is a unique such one.

6.2. The case of a geometric point of rank one. We first check that diagram
[6.0.1]is Cartesian when tested against rank 1 geometric points. To make use of the
Pappas—Rapoport uniformization map, we need the following lemma.

Lemma 6.2.1. Let V' be an absolutely integrally closed valuation ring of rank 1 in
characteristic p whose fraction field is algebraically closed. Then the ring homomor-
phism V. — V/my has a section.

Proof. Denote the residue field by | = V/my. By Zorn’s lemma, it suffices to show
that if there exists a subfield lp C [, a section sg: lp — V, and an element x € [\ [,
then the section sy can be extended to s: lp(z) — V.

When zx is transcendental over [y, we may pick an arbitrary lift £ € V of x € [
and extend sg to s by setting s(z) = Z. Therefore we assume that x is algebraic over
lo. Let fo(t) € lp[t] be the minimal polynomial of z € I. Consider the polynomial
f(t) € V]t] obtained by applying so to the coefficients of fy. As V' is absolutely
integrally closed, it factors as f(t) = [[;(t — «;), where the reduction of the multiset
{a;} under V' — V/my recovers the roots of fy inside I. This implies that there is
an «; € V reducing to z, and hence we may extend s to s: lop(z) — V by setting
s(z) = a;. O

Proposition 6.2.2. For C an algebraically closed perfectoid field in characteristic
p, the map
yKP(G, X)O’pre(c, Oc) — Fpre((], Oc)

s essentially surjective.

Proof. Denote the residue field by | = O¢/m¢. Using Lemma we fix a section
| = O¢. Then for any untilt C* of C, the map W(O¢) — O induces a W (1)-
algebra structure on Ogs.

Fix an element of FP*(C,O¢), which corresponds to a tuple T =
(CH,y,C*, 2, $o,a) where C*1, C*2 are untilts of C over O, where y: Spf Oct; —
%(p(G, X) is a map over Op, where (2,¢9) is a G-shtuka with a leg at
Spa(C*2, O, ) bounded by 1, and where a: ‘@y‘y[r,w)(C,Oc) ~ ‘Qb’[r,w)(C,Oc) is a ¢-
equivariant isomorphism of G-torsors. Our goal is to construct a new Og-morphism
z: Spf Opny — %(p(G, X) such that the induced (C, O¢)-point of FP' is isomorphic
to T.
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We note that the two maps
er: kE — Och /mcul ~ l, €9 kE — Ocuz/mm ~]

may be different from each other. As kg is finite, the two embeddings are related
by a finite power of the absolute Frobenius. Write ¢;" o e; = ey for a nonnegative
integer m, where ¢; is the absolute Frobenius on [.

Let x € Yk, (G, X)(I) be the image of the reduced point under y. Using the W (I)-
algebra structure on Oy, , we may regard Op; as an Wo,, ¢, ({)-algebra to promote
Yy to a map

yr: Spf Och - %(p(c-;’X)WOE,el(l)

over Spf Wo,, ¢, (). Note that the map y; factors through the formal completion at
z. Identifying its associated v-sheaf with the formal neighborhood of the integral
local Shimura variety,

Spd(C*, 0ps,) = Spd(Opsr, Oty )

o — (S
Y O Gg,x int
(pr(G’X)W@E,EI (l)/w) Mlgn,bz,u,ézl,el/xo’

we obtain a framing of the G-shtuka induced by y
L (‘@yb[r,w)(aoc)? ¢<gzy) = (G X y[r,oo)(ca OC): bw)

Composing with o~ ! gives a framing

o1
(2ly, oy (C.0c), 92) — (G X V}p00)(C, Oc), bz),
and therefore defines a map
20 Spd(cﬁza OCﬁQ) - Mign,tbw,u,ézl,eg

over Spd Wo,, e, (1).

At this point, we wish to apply ©g . to get a point of the Shimura variety, but
the problem is that x lies over e; and not e3. Compose x: Specl — .k, (G, X) with
@] to obtain a map ¢™(x): Specl — Yk, (G, X) that now lies over e3. Using the
isomorphism of left G-torsors

(") (Gwayp-11:b2) = (Gwayp-11, 0" (b)) = (Gwyp-1], bz)
given by
¢m(bl)¢2(bz)¢(bz)

P*Gwyp-1 = Gwayp-1) " Gwp-1 = Gwayp-1]

J/(]S”L(bx)
¢nL71(bx)"'(b(bx)bx

Gw 1) Cwp-1);
we may identify bgm ;) = by. We can now compose
. . eg’¢77l(z)
Z Spd(0ﬁ27 OCﬁQ) z—0> Mlgn,%x,ll,dzl,GQ = Mlgn?tb¢7n(a;)7u75:1782 - pr(G’ X);VOEvEQ (l)
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to get a map defined over Spd Wo,, ¢, (l). Forgetting about the l-structure finally
yields a map

z: Spd(CﬁQ,Ocng) — pr(GaX)O

lying over Spd Og. This corresponds to a map Spa(Cm,(’)Cm) — %(p(G,X)ad,
which uniquely extends to a morphism z: Spf Oy, — %(p(G, X).

We now verify that the image of z under ., (G, X)*"*® — FP™ is isomorphic to 7.
Lemma implies that applying merys to z returns back the underlying G-shtuka,
which is (2, ¢9) by construction. Next, to check that z induces the (C, O¢)-point
of the Igusa stack corresponding to T', we need to construct a formal quasi-isogeny
between the formal abelian schemes A, and A, preserving the G-structure on the
associated vector bundles on Xg,.(c,0.,), @8 well as the away-from-p level structure.

Choose w large enough so that there are surjective ring homomorphisms Oq¢, —
Oc/w and Og, — Oc/w induced from the isomorphisms (C#1)” ~ C and
(C*2)> ~ C as in ([2-4.1). Since ¥,(G,X) is a limit of Noetherian schemes along
étale transition maps, we may further increase @ so that y|spec o Jw factors through
r € Y, (G, X)(l). Then compatibility with the Siegel case implies that the framing
on the Gy-shtuka &, x9 Gy is obtained from taking the p-divisible group i[p>] of
the canonical isomorphism

i Ay XSpfo s, Spec O¢/w ~ Ay Xgpect Spec O¢/w.

On the other hand, by [PR24, Proposition 2.2.7], the Gy -shtuka 2 x9 Gy corre-
sponds to a principally polarized p-divisible group X o over Spf O+, , and by [PR24,
Proposition 2.1.4] and [SW13, Theorem A], the isomorphism « corresponds to a
formal quasi-isogeny

a: Ay[p™] --» Xg
preserving the polarization up to a scalar. It follows that the composition
Spa Cf2 =% Ma%z,u,6=17e2 — Mign";?bi(z%w is induced by a map
Zo: Spt Oca — RZgy b,

corresponding to the quasi-isogeny
~—1
(03
Xg ><Spf(/)cﬁ2 Spec Oc/w -———=> Ay[poo] XSPfOcnl Spec Oc/w

ERREEY .Ax[Poo] XSpecl Spec OC/w

To access z, we first need to understand what the isomorphism (¢*)*(Gj, by) ~
(Gy,b,) is doing. If we push out to an isomorphism of Gy-torsors, Lemma
below shows that it is the inverse of the iterated relative Frobenius

Flm[poo]: A;t[poo] -3 -Aac[poo] ><Specl,¢>lm Specl.

We can finally describe the image of z under .“k, (G, X) — ), (Gy,Hy) as the
modification of the abelian scheme

-Az ><Specl,qﬁlm SPeC OC/w
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along the quasi-isogeny

A1
(03
Xag XSpf O s, Spec O¢/w ----+ Ay[p™] XSpfO, s, Spec O¢ /™

i[p™] 0
-2 -Az[p ] XSpeclSpeCOC/w

—————— > Au[p™] Xspect,op Spec O /@,

lifted according to Serre—Tate theory so that its p-divisible group is Xg. Because
both quasi-isogenies 7[p™°] and F;"[p*°] actually come from quasi-isogenies 7 and F}"
of abelian schemes, we may also describe it as the modification of the abelian scheme

Ay XSpf Och Spec Oc/w

along the quasi-isogeny

&
Xo XSpf Oy, Spec O¢/w ----+ Ay[p™] XSpf Oy, Spec O¢/w

lifted according to Serre-Tate theory so that its p-divisible group is Xg. That is,
we have

A, XSpfo, 4, Spec O¢/w ~ (A XSpfo_s, Spec O¢/w)/ ker a.

Note that if & is not an honest isogeny then we cannot literally quotient out by
ker &. To remedy this, we argue as in [Zha23| Remark 8.12]. This gives the desired
formal quasi-isogeny between A, and A..

From the construction, it is clear that the induced isomorphism £(A,) ~ £(A.) of
vector bundles on X¢ o, is the one associated to . Hence the G-structures on L,y
are preserved under the formal quasi-isogeny. Moreover, as we are only modifying
the abelian variety along a quasi-isogeny of the associated p-divisible group, the
prime-to-p level structure is preserved. Therefore o defines a morphism between
the two objects y, z of the groupoid Igs (G, X)(C, O¢). This finishes the proof of
surjectivity. ]

Remark 6.2.3. Even though the construction of the inverse FP*(C,0O¢) —
Sk, (G, X)°(C, O¢) involves choosing a section | — O¢, we see a posteriori from
Proposition [6.2.5] that the result is independent of the choice.

Lemma 6.2.4. Let X be a p-divisible group over a perfect ring R in characteristic
p. Consider (D(X)E, gi)gg) as in Section and write (D(X)?, (;Sgg) = (M, pB). The map
of Dieudonné modules (M, ) — ((¢")* M, (¢™)*3) associated to the iterated relative
Frobenius

X=oX— - = (™)X
is given by (¢" "B lo--0¢*B Lo M — (¢7)* M.
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Proof. This follows from the fact that for a single relative Frobenius, the induced
map is

o M L (M

LB lqb*ﬁ
671
M ——— ¢*M.
Composing appropriate Frobenius pullbacks of the relative Frobenius then gives the
result. g

Proposition 6.2.5. For C' an algebraically closed perfectoid field in characteristic
p, the map

yKP(G, X)O’pre(c, OC) — Fpre(C, OC)
is fully faithful.

Proof. Let y,z: Spf Og: — 7k, (G, X) two maps over Op. We wish to show that if
there exists a quasi-isogeny

f+ Ay XSpf O Spec O¢/w --+ A, XSpf Oy Spec O¢ /w
preserving the étale trivialization and an isomorphism

a: (Py, 02,) =~ (P, 02.)

inducing the same isomorphism of vector bundles on X¢ o, then y = z.

We first note that a x9 Gy corresponds to an isomorphism a: A, [p™] ~ A, [p>] of
p-divisible groups, by [PR24l, Proposition 2.2.7] and [SW20, Theorem 14.4.1]. More-
over, compatibility with f says that « restricted to Spec O¢/w agrees with f[p].
This implies that f in fact is an isomorphism of abelian schemes over Spec O¢/w,
and moreover lifts to an isomorphism A, ~ A, over Spf Og¢. That is, the images
of y and z under

i yKP(G, X) — e5”]\41)((_;‘/, Hv)
agree.

We now argue as in [PR24] Proposition 4.10.3]. Denote by I the residue field of C,
and choose a section [ — O¢ using Lemma We first show that the restrictions
r,x, € Yk, (G,X)(I) of y, z agree. As the Spf Op-point y factors through the formal
completion of x, via @gi we obtain a framing (%, ¢»,) ~ (G,b;). Through the
isomorphism «, we also obtain a framing of (£2,,¢%,). As « is an isomorphism of
G-shtukas, they define the same point s: Spd O — Mign,tbz,u,(szl,e'

Let .7 the image of .7k, (G, X) in .#);, (Gy, Hy). By compatibility of ©g with
Og,, , we deduce that the images of

¥, (G, X)ivu)/zv ¥, (G, X)f/v( — 7m, (Gy, Hv)?/v(l)e@W(kE)oE/i(x)

agree. Since both are irreducible components of the normalization of the image

ygp/i(w)’

l)/:pz

=i(z2)

it follows that x = x,. We now observe that y, z correspond to s under
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the isomorphism

L — —

¢ ~ int
yKP(G7 X)WOE,e(l) /CC - Mg,bz 7/"‘75:1’6/50’
where sq is the restriction of s to Spd!{. It follows that y = z as desired. g
Combining Proposition and Proposition [6.2.5] we obtain the following.

Corollary 6.2.6. For C' an algebraically closed perfectoid field in characteristic p,
the map
Yk, (G, X)*P(C,0¢) — FP*(C, O¢)

s an equivalence of categories.

6.3. The case of a product of geometric points. The v-topology on Perf has
a particularly simple basis, given by the so-called “products of (geometric) points,”
see [Gle22l Definition 1.2, Remark 1.3]. Thus we only need to prove Theorem m
for these test objects. The basic strategy is to reduce to the case of a single rank
one geometric point, which is achieved by comparing with Theorem [6.0.] for Siegel
Shimura varieties, established in [Zha23].

6.3.1. We recall the following definition.

Definition 6.3.2. A product of geometric points is a perfectoid Huber pair of the
form (([1; C;")[w@w1,1L; C;"). Here I is a set and for each i € I we have an alge-
braically closed perfectoid field C; of characteristic p together with an open and
bounded valuation subring C;" and a pseudouniformizer w;; we set @w = (w;) and
give [, C’;r the w-adic topology.

We introduce the following definition, see also [DvHKZ24| Definition 2.1.8].

Definition 6.3.3. Let f: F — G be a map of presheaves of groupoids on Perf.
Given a 2-commutative diagram of solid arrows

Hi S; = Hz Spa(cz7 Oci) ﬁ F

(6.3.1) l J

S = Spa((IL; ¢ [= 'L IL C) —— 6,

where (([T; C;")[@],I1; C;") is a product of geometric points in characteristic p,
there is an induced map

We say that
e f is proper® when the map A; is an equivalence of groupoids for every

diagram (|6.3.1]),

o f is separated™ when the map As is a fully faithful morphism of groupoids

for every diagram ((6.3.1)).

We record some formal properties.
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Lemma 6.3.4. If f: F — G is a map of v-stacks that is proper*, then f is an
isomorphism if and only if f induces equivalences when evaluated at rank one points.

Proof. This is a direct consequence of Definition [6.3.3| and the fact that products of
points are a basis of the v-topology on Perf, see [Gle22] Remark 1.3]. O

Lemma 6.3.5. If a map f: F — G of v-stacks is proper and representable by
diamonds, then f is proper*.

Proof. This is an immediate consequence of [Zha23, Proposition 2.18]. Note that
properness is used to produce uniquely existing lifts along [, Spa(Ci, O¢,) —
[1; Spa(C;, C;Y) in the sense of [DvHKZ24), Definition 2.1.8.(1)]. O

Lemma 6.3.6. Let f: F — G be a map of presheaves of groupoids. Then f is
separated™ if and only if the diagonal Ay: F — F xg F is proper™.

Proof. We note that there is a natural identification of groupoids

]:<S)X(f(]_[ g(S))-F(S) ~ F (I Si)x(}‘(Hi si)xg(H.Si)]—'(Hisi))(F(S)XQ(S)F(S))a

i Si)XQ(Hi s5)

under which Aa, is identified with the diagonal A, of Ay. The statement now
follows from the fact that a morphism A of groupoids is fully faithful if and only if
its diagonal Ay is an equivalence. O

Lemma 6.3.7. Let f: F — G and g: G — H be maps between presheaves of
groupoids on Perf. If g is separated® and g o f is proper*, then f is proper*. The
converse holds if g is proper*.

Proof. We note that Ay can be identified with the composition

F(S) 5 F(ILi 1) Xg(q] s 6(8) 2 F(IL51) q] o) HS):

and so Ay being fully faithful implies that A; is an equivalence if A\jor is an equiva-
lence. If A4 is moreover an equivalence, then Ay is an equivalence if and only if Ay s
is an equivalence; the lemma follows. ]

Lemma 6.3.8. Let

.A1 B C1
bbb
Az B Ca

be a 2-commutative diagram of presheaves of groupoids on Perf, where f, g, h all are
separated*. Then the induced map

fxgh: Ay xp, C1 = Az xp, Ca

also is separated*.
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Proof. This follows from the fact that the map A corresponding to f x, h may be
computed by taking the fiber product of both rows of the diagram

A1 (5) Bi(S) C1(S)
b - 8
Ar(Ii 80) X Ay (1, 50) A2(S) — Bl s1) Xgy(1, sy B2(5) = Ca(Lli 50) Xy, 51) C2(5);

together with the fact that fiber products of fully faithful morphisms of groupoids
are fully faithful. O

6.3.9. We now prove that certain comparison maps are separated®. We note that
there is a commutative diagram

T, (G, X)7PC ——— Frre

(6.3.2) J J

S, (Gy, Hy )oPre —— FP,

where we write [} = Igsﬁf[i(GV, Hv) XBung,, Shtg, u, . Here, the map FP* — FP™e

is induced from taking the fiber product of the maps
Igsgre(G, X) — IgsﬁZ(Gv, Hv), Bung — BunGV, Shtg7ﬂ75:1 — Shtgv#v

appearing in (5.2.1)).

Proposition 6.3.10. The map i®P": Sk, (G,X)"P® — S (Gy,Hy )P s
proper*.

Proof. By Lemma together with |Gle22l Proposition 1.6], which says that a
product of geometric points is totally disconnected in the sense of [Schl7, Defini-
tion 7.1], we see that k., (G, X)*P* and ., (G, X)° take the same value on products
of geometric points. Similarly, the presheaves of groupoids #us,(Gy, Hy)*P™ and
Zum,(Gy, Hy)® take the same value on products of geometric points. Therefore it
suffices to check that i®: ., (G,X)° — S, (Gy, Hy)® is proper*.

Using Lemma we reduce to verifying that i is proper and representable by
diamonds. For any morphism of adic spaces T = Spa(R?, R*) — %/jp(GV, Hy )2d,
the fiber product

. N > ad
X=T XyMp(GVJ"V)ad T, (6, X)

is a quasi-compact quasi-separated analytic adic space, as the map ®d is an adic
morphism. It follows that X© is a quasi-compact quasi-separated diamond, and
therefore 7° is quasi-compact, quasi-separated, and representable by diamonds. To
check properness, we use [Sch17, Proposition 18.3] to reduce to a statement about
lifting maps along Spa(K, Ok) — Spa(K, K), where K is a perfectoid field. Again
using Lemma we reduce to lifting along Spf O — Spf K. This now follows
from ¢ being a limit of proper maps. ]

Proposition 6.3.11. The map Bung — Bung,, is separated™.
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Proof. By Lemma [6.3.6] we may instead show that the diagonal A: Bung —
Bung XBung,, Bung is proper*. We claim that the diagonal is a closed immer-
sion; the result then follows from Lemma [6.3.5] as closed immersions are proper
and representable. Let S be an arbitrary perfectoid space in characteristic p and
let S — Bung XBung,, Bung be a morphism. We need to check that the pullback T
along the diagonal A defines a closed immersion T < S.

As in Section we choose a finite collection of tensors {tq}acs C V® with
the property that the intersection of the stabilizers of t,, inside GL(V') is G. Then a
G-bundle on the Fargues—Fontaine curve Xg gives rise to a vector bundle £ together
with global sections {t, rF acy C H°(Xg,E®). The map S — Bung X Bung,, Bung
corresponds to a pair of G-bundles on Xg together with an isomorphism between
the underlying Gy -bundles. Writing £ for the common underlying vector bundle on
Xg, we obtain two collections of tensors {t1 o FF tacw, {t2,0.FF aco € H*(Xg,E®).
The pullback T' is identified with the locus in S over which ¢ o Fr = t2,o Fr for all
o€ 9.

Since finite intersections of closed immersions are closed immersions, it suffices to
prove that the locus of t1 , = t2 4 is a closed immersion for a single . This comes
down to showing that for integers n,m > 0 and two S-points t1, 2 of the relative
Banach—Colmez space BC(E®" ® (£*)®™) — S, the locus of t; = t2 defines a closed
immersion. This follows since BC(E®™ ® (£*)®™) — S is separated, which is proven
in [FS24] Proposition 11.2.16]. O

Proposition 6.3.12. The map Shtg , s—1 — Shtg,, ., s proper*.

Proof. Decompose [[; s; — S into

Hi S — 8= Spa((Hi Cj)[wilLHi OCi) — S.

It follows from the discussion after [PR24, Lemma 2.4.4] that the structure maps
Shtg , 6—=1 — Spd O and Shtg,, ,,, — SpdZ, have uniquely existing lifts for s —
S. On the other hand, [Zha23, Remark 11.11] tells us that Shtg ,s—1 — Spd O
and Shtg, ,,, — SpdZ, have uniquely existing lifts (as in [DvHKZ24, Definition
2.1.8.(1)]) for [1; s; — s. Here to get the bounds on the legs, we are using the fact
that Mg , — Grgspdo, Is a closed immersion, hence has uniquely existing lifts for
[1; si — s by Lemma This shows that both maps have uniquely existing lifts
for [1; s — S.
Now consider the diagram

Shtg7l"/76:1 — Shtgv 2%

! !

Spd Oy —— Spd Z,.

Both vertical maps are proper*, and so is Spd Op — SpdZ,. Lemma now
implies that Shtg , s—1 — Shtg,, ,, also is proper*. O

Proposition 6.3.13. The map Igst (G, X) — IgsﬁZ(GV, Hy ) is separated*.
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Proof. Let [[; s; — S be as in Definition Let z1,z9 € IgsZ (G, X)(S) be two
points and let ¢: ¢(z1) — ¢(x2) be a morphism in Igslj\’Z (Gy,Hy)(S), such that
the restriction of ¥ to Igsﬁi(Gv, Hy )(11; si) is (uniquely) induced from a morphism
T[] s = P2l[] s 0 IgsE™(G, X)(I1, si)- We wish to verify that t is (uniquely)
induced from a morphism z1 — z2 in Igs% (G, X)(.S). The condition for a morphism
in IgsﬁZ(GV, Hy)(S) to come from a morphism in Igs% (G, X)(.9) is, per definition,
that the induced morphism in Bung,, (S) comes from a morphism in Bung(S). The
result now follows from Proposition [6.3.11 O
Proposition 6.3.14. The map FP* — FJ'° is separated*.

Proof. This follows from Lemma [6.3.8 in combination with Propositions [6.3.11]
6.3.13] and [6.3.12) O

We also record the following crucial ingredient from [Zha23].

Theorem 6.3.15 ([Zha23| Proposition 8.14]). For S a product of geometric points
in characteristic p, the map Sn, (Gy, Hy )P™(S) — FP'(S) is a bijection.

Remark 6.3.16. Although [Zha23| works with Shimura varieties at a finite level
M, MP, it can be readily checked that the isomorphisms are compatible with appro-
priate transition maps as MP shrinks along a neighborhood basis of 1 € GV(AZ}),

and hence induce an isomorphism at infinite level away from pﬁ

We are finally ready to prove Theorem [6.0.1]
Proposition 6.3.17. For S a product of geometric points in characteristic p, the
map Sk, (G, X)*P*(S) — FP™(S) is a bijection.
Proof. We first prove surjectivity. Let [[; s; = S be as in Definition and let
f: S — FP™ be a morphism. By Theorem [6.3.15, the composition S Iy pere
FP'° induces a morphism g: S — 1, (Gy, Hy )P, On the other hand, the map
T, (G, X) TP si) — FP™(II; s:) is a bijection by Corollary and so the
restriction of f to [[;s; lifts uniquely to a map h: [[;s; — Sk, (G, X)P" . By
the commutativity of (6.3.2) together with Theorem |6.3.15| applied to each s;, the
restriction of g to []; s; agrees with ¢®P* o h, as they agree after composing with
YME(GV, Hy )P — FP'°. By Proposition [6.3.10} this means that there is a unique
lift h: S — Sk, (G, X)*P*. We summarize the above paragraph with the diagram

[T 58 —— S, (G, X)P —2— pore

S T) yMp(GV, Hv)o’pre Em— F‘;/)re'

We claim that the diagram is commutative, that is, that f = a o h. To see this,
we note that both f and a o h are lifts of FP* — FJ' along [[; s; — S, and hence

Proposition 6.3.14] implies that f = a o h.

18Here we use Lemma [5.2.13| to identify Igs,;(Gy,Hy) with the Igusa stack studied in [Zha23|.
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We now prove injectivity. Let fi, fo be S-points of #x, (G, X)*P™ that agree
after composition with Sk, (G, X)*P*® — FP By the commutativity of and
Theorem [6.3.15] it follows that i®P*o f; = i®P*o fy. From Corollary [6.2.6] it follows
that f, and fo agree after restriction to [I; s;. It now follows from Proposition [6.3.13]
that f1 = fo. O

Proof of Theorem[6.0.1. This follows from Proposition [6.3.17] combined with
Lemma [6.3.4] ]

6.4. Points of the Igusa stack. Recall that we have defined Igs=(G,X) as the
v-sheafification of Igs2 (G, X). This means that it is a priori difficult to explicitly
describe the points of Igs=(G, X). However, we will prove that for S a product of
geometric points in characteristic p, the set of S-points of Igs2™(G, X) agrees with
the set of S-points of Igs=(G, X). Recall from [DvHKZ24 Proposition 3.1.10] that
the map BL® : Shtg ,, 5—1 — Bung factors through Bung ;1.

Proposition 6.4.1. Let S be a strictly totally disconnected perfectoid space
in characteristic p, and let S* be an untilt of S over E. Then the map
BL: Shtg . 5-1,5(S") — Bung ,-1(S) is essentially surjective.

Proof. By Lemma m it suffices to show that BL : GrG,#q(Sﬁ) — Bung ,-1(5)
is essentially surjective.

We argue as in [FS24, Proposition I11.3.1]. Let £ be a G-bundle on Xg. For each
connected component Spa(C,C") < S, C is an algebraically closed perfectoid field,
see [Sch17, Proposition 7.16]. Using [Rapl8| Proposition A.9], we find an element
of Grg,-1(C* C*T) that maps to Elspa(c,c+)y under BL. By trivializing £ at the
completion at S*, we see as in the proof of [FS24], Proposition I11.3.1] that it suffices
to prove that GrG,#—l(Sﬂ) — Grg ,-1(C, CT) is surjective.

At this point, we can use the argument of [FS24, Lemma III.3.2]. Using the Cartan
decomposition but restricting to the double coset G(Bjx (C))u~1(£)G(BIR(C)), we
similarly reduce to proving that G(Bji(R)) — G(Blz(C)) is surjective. The rest
of the proof of [FS24, Proposition I11.3.1] now follows through. O

Corollary 6.4.2. The morphism BL: Shtg , 5—1 g — Bung ,-1 is a surjective map
of v-stacks; in fact, of pro-étale stacks.

Proof. Tt follows from Proposition together with the fact that strictly totally
disconnected spaces form a basis for the pro-étale topology. 0

Corollary 6.4.3. For S a strictly totally disconnected perfectoid space in charac-
teristic p, the map qigs: Sk, (G, X)°(S) — Igs=(G, X)(S) is essentially surjective.

Proof. 1t follows from Proposition [6.4.1] in combination with Lemma that the
map BL° : Shtg ,(S) — Bung ,-1(S5) of groupoids is essentially surjective. The
result then follows from Theorem [6.0.11 O
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6.4.4. Denote by
R = %k,(G,X)° X Igs= (G, X) Sk, (G, X)? C Ik, (G, X)° x Sk, (G, X)°
the equivalence relation. Note that this is the v-sheafification of
RP' = F, (G, X) 7P Xqpepre 6 x) Tk, (G, X) 7P C© T, (G, X) 7P x F, (G, X) 7P,

as sheafification commutes with fiber products.  Since Jk, (G, X)°(S) —
Igs=(G, X)(S) is essentially surjective, as shown in Corollary we see that

Igs=(G, X)(S) = [7k, (G, X)°(S)/R(S)].
By the definition of Igs% (G, X) we also have
Igsz “(G, X)(S) =[Sk, (G, X)*P**(5) /RP™(S)].
Theorem 6.4.5. Let S be a product of geometric points in characteristic p. Then
the natural map Igst (G, X)(S) — Igs=(G, X)(S) is an equivalence.

Proof. As noted in the proof of Proposition [6.3.10] the natural map
T, (G,X)7P(S) = K, (G,X)°(S) is a bijection by Lemma and [Gle22,
Proposition 1.6]. Hence it suffices to prove that the map RP'(S) — R(S) is a
bijection.

We note that Theorem [6.0.1] implies that the natural map

R — <Sﬂf(p(G, X)<> X Bung Shtg,u

is an isomorphism. On the other hand, the map .k, (G, X)*P*® — Igs2™(G, X) X Bun,
Shtg, , = FP™ induces a map

RV — e (G, X)*P™ xyore g0y FP = Fx, (G, X)*P™ X pung, Shtg .

By Proposition this map induces an isomorphism at the level of S-points.
That is, we have an isomorphism
RP*(S) ~ Sk, (G, X)"P(S) X Bung (S) Shtg,(S5)
~ pr(G,X)O(S) XBung(S) Shtg#(S) ~ R(S)

This proves that Igs2 (G, X)(S) — Igs=(G, X)(S) is an equivalence. O

Remark 6.4.6. A consequence of Theorem is that the v-sheafification
Igs=(G, X) of Igs2®(G,X) does not depend on the choice of the cutoff cardinal
in the definition of the v-site Perf. Given an affinoid perfectoid space S in charac-
teristic p, we may choose v-covers So — S and S; — Sy X g Sp, where both Sy, 57
are products of geometric points. Then

Igs=(G, X)(S) — Igs2(G, X)(Sp) = Igs2“(G, X)(S1)

is an equalizer diagram, and this gives a description of Igs=(G, X)(.S) that does not
depend on the choice of k.
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6.5. The reduction of the Igusa stack. The goal of this section is to iden-
tify the reduction IgsE(G,X)rEd, see Section @ As in Section we use
YKP(G,X)ngf to denote the perfect special fiber of .k, (G, X), which is naturally
identified with (pr(G,X)ZE)red = (Fk, (G, X)°)*d (see Lemma . The re-
duction of the morphism 7y : YKP(G,X)Q — Shtg ,, gives rise to a morphism
med s Ik (G, X)I,zzrf — Shty,, see Lemma Its composition with the reduc-

crys

tion of BL® : Shtg , — Bung gives rise to a morphism .7, (G, X)gzrf — G-Isoc, see

Section For = : SpecR — Yk, (G,X)z?f we will denote Leyys o the induced
G-isocrystal over Spec R. We similarly let £(A,) be the GLy isocrystal correspond-
ing to Dieudonné-module DF(A,[p>]) of the pullback along i : YKP(G,X),Ii]e;f —

“um, (G, Hv)girf of the universal abelian scheme up to prime-to-p isogeny A. It
follows from the discussion in Section [5.1.10] that there is a natural isomorphism

Lerys.e X9 GLy ~ £(A,).
The main result of this section is the following.
Theorem 6.5.1. The map of v-sheaves on AffPeT
G Fr, (G, X)PI — Tgs= (G, X)™
identifies Igs= (G, X)red with the quotient v-sheaf of .k, (G, X)izrf under the following

equivalence relation: Two morphisms x,y: Spec R — pr(G,X)i,’zrf are equivalent
when there exists a quasi-isogeny f : Ay --» A, such that

f
v L yp

(6.5.1) lnz lny
p p
VoA, = VoA

commutes and the induced isomorphism of GLy -isocrystals £(Ay) — E(Ay) is in-
duced by a (necessarily unique) isomorphism of G-isocrystals Lerysz — Lerys,y-

Remark 6.5.2. When such a quasi-isogeny A, --+ A, exists, it is unique by
Lemma [5.2.6, We will refer to quasi isogenies f : A, --» A, for which the dia-
gram (|6.5.1)) commutes as quasi-isogenies preserving the étale trivializations.

6.5.3. By taking the reduction of the diagram in Theorem [6.0.1] and using the
discussion before Theorem we obtain a Cartesian diagram (4.3.1])

red

rf Terys W
Yk, (G, X)ZZ —— Shtg,
(652) J{qug J/BLo,red

—red
Tgs= (G, X)™? L, Gilsoce, 1.

Proposition 6.5.4. The map Yk, (G,X)zzrf — Igs=(G, X)™ 45 v-surjective.
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Proof. This follows from the Cartesian diagram and Proposition [3.2.3] g
As in Section we consider the sub-v-sheaf of relations
R = Yk,(G,X)° X Igs (G, X) Sk, (G, X)? C Ik, (G, X)° x Sk, (G, X)°.
Since reduction commutes with fiber products, we identify its reduction as
R = F1, (G XOR X1 71, (G X)her € i, (G, X)F x S, (G, X)per,
using Lemma On the other hand, it follows from Proposition that
Igs= (G, X)"™ = [ Ak, (G, X3 /R™).
Our goal is now to compute R,

As sheafification commutes with fiber products, the v-sheaf R is the sheafification
of

RPre = pr(G, X)O,pre XIgSIE)re(QX) pr(G, X)o,pre - pr(G, X)o,pre X pr(G, X)o,pre.

This presheaf associates to (R,R') the set of pairs of points z €
i, (G, X)(Spf RT) and y € Sk, (G,X)(Spf R*2*) for which there formal quasi-
isogeny f: A, --+ A, preserving the étale trivialization, and such that E(f) :
E(Ay) — E(Ay) is induced by an isomorphism Lerysz — Lerysy of G-torsors on
X(r,r+)- Note that we have a commutative diagram

RPFC s S (G, X)7P™ % F (G, X)*P™

| |

Ry —— S, (Gv, Hy)oP™ x A, (Gy, Hy )oPre,

where R is the analogue of RP™ for (Gy,Hy).

Lemma 6.5.5. Writing
Z'*R%)/re = Rp‘ge XyMp (GV’HV)O,preXyMp (Gy Hy )opre (pr (G, X)o,prc X pr(G, X)o,pr(:)’

the diagram

pre . sxpobre
R Ry,

| |

Bung N Bung XBung,, Bung
is Cartesian.

Proof. This is a reinterpretation of the definition of RP™. The upper right cor-
ner parametrizes a quintuple (R, R%, z,v, f) where x € ¥k, (G, X)(Spf R9+) and
y € Yk, (G, X)(Spf Rty and f: A, --» A, is a formal quasi-isogeny of the under-
lying formal abelian schemes preserving the étale trivializations. The lower right
corner parametrizes two G-torsors with an isomorphism between the underlying
Gy -torsors. The diagonal imposes precisely the condition that this isomorphism
of Gy-torsors comes from an isomorphism of G-torsors. Thus the fiber product
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parametrizes those quintuples (R, R%, z,y, f) where E(f) : E(Ay) — E(A,) is
induced by an isomorphism Lerysz — Lerys,y of G-torsors on X (R,R+)- O

To simplify notation, we set

(i*Ry ) = Ried x et (7, (G XD % S, (G, X)pe).

YMp(Gv,Hv)]};erXYAIP(GV,Hv)
Corollary 6.5.6. The diagram
Rred (i*Rv)red
G-Isoc —2 5 G-Tsoc X Gy -Isoc G-Isoc
1s Cartesian.

Proof. We apply sheafification and then reduction to the Cartesian diagram of
Lemma [6.5.9] O

Hence to understand R4, it is enough to understand Rl{?d.
Proposition 6.5.7. Let B be a perfect F,-algebra. A point (x,y) €
(S, (G, Hy)B™ 5 Ay, (Gy, Hy )B)(B) lies inside
d f f
RV C S, (Gv, Hy)p ™ x A, (Gv, Hy g

if and only if there exists a quasi-isogeny between the corresponding abelian varieties
Ay, Ay preserving the étale trivializations.

Proof. Denote by S the sub-presheaf
S € Zum, (Gy, Hv)ﬁirf x S, (G, HV)EErf

with B-points given by those pairs (z,y) for which there exists a quasi-isogeny
A, --» A, preserving the étale trivializations. (Note that a quasi-isogeny preserving
the étale trivializations automatically preserves the polarizations up to a scalar that
is locally constant on B.) We first note that there is a containment

d
SC R,

because if there exists a quasi-isogeny f: A, --» A,, then for any perfectoid B-
algebra (R, R™), the base change of f is a quasi-isogeny over R" /w, again preserving
the extra structures.

On the other hand, we have an isomorphism

Ry ~ S (G, Hv)ﬁzirf X Gy -Tsoc Shtzvv,w
coming from the fiber product diagram (6.5.2)) for (Gy, Hy ). The composition

. d ~ perf w
q: S — R%}? — yMp (Gy, HV)IFP X Gy -Isoc Shtgv,w
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sends a B-point (x,y) coming from a quasi-isogeny f: A, --» A, to the pair
(z,D%(A,)) together with the isomorphism

E(f): E(Ag) =D (AL)[p ] = D (A)[p '] = £(Aq)

Here we use Lemma, to identify Shtg\‘f/j uy With the groupoid of quasi-polarized
p-divisible groups of height dim V.

For the converse, suppose that we are given a B-point of the target of q. That
is, we are given a B-point x of s, (Gy, Hv)ﬁirf, a Witt vector Gy shtuka Py
with corresponding W (B)-module with Frobenius (M, ¢jr) and a quasi-isogeny
f DA [p~ '] = (M[1/p], ¢ar) preserving the polarization up to a scalar. By
Lemma there is a quasi-polarized p-divisible group (Y, Ay) over B with
Dieudonné module corresponding to (M, ¢pr). The quasi-isogeny induces a po-
larization preserving quasi-isogeny f : A, [p™°] --+ Y, which uniquely determines a
weakly polarized abelian scheme up to prime-to-p isogeny A, over B together with a
quasi-isogeny f : A --» A, and an isomorphism A,[p>] =Y. There is moreover a
unique prime-to-p level structure on A, making the diagram commute. This
lifts A, to a point y : Spec B — %1, (Gy, Hv)gjrf and this describes an inverse to
the map q.

Hence the map ¢ is an isomorphism, and therefore S = Rr‘fd as subsheaves of

i f
yMp(Gv, Hv)gjr X ey]up(Gv, Hv)ﬁir . U
We can now prove Theorem [6.5.1
Proof of Theorem [6.5.1] In view of the presentation
lgs=(G,X)™* = [ i, (G X /R™)

it suffices to prove that the subsheaf R C .% (G, X)Z}e;f x.7k, (G, X)izrf consists of
those pairs (z,y) € (i*Ry )™ such that there exists a quasi-isogeny f: A, --» A, for
which the induced isomorphism of GLy-torsors £(A,) ~ £(Ay) comes (necessarily

unique) from an isomorphism of G-torsors Lerys z ™ Lerys,y- This follows immediately
from Corollary and Proposition [6.5. [l

6.5.8. Another consequence of the previous analysis is an explicit description of
points of Igs=(G, X)™ on a basis of the v-topology on AfFP*! (see Lemma [3.0.2).

Corollary 6.5.9. Let R be a product of absolutely integrally closed valuation rings
over Fp,. Then the natural map qugz K, (G, X)zzrf(R) — Igs=(G, X)™(R) identifies

Igs=(G, X)"Y(R) with the quotient of YKP(G,X)gzrf(R) with respect to the following

equivalence relation: Two elements z,y € YKP(G,X)EZHC(R) are equivalent when

there exists a quasi-isogeny f: A, --+ Ay such that f respects the étale trivializations
Ne, My, and the induced isomorphism of isocrystals E(Az) ~ E(Ay) is induced by a
(necessarily unique) isomorphism of G-isocrystals Lerys o = Lerys,y -

Proof. We proceed as in Section We first note that the map Shtgfu(R) —
G-Isoc<,,-1(R) is essentially surjective by Proposition From the Cartesian
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diagram (6.5.2)) it follows that YKP(G,X)gzrf(R) — Igs=(G,X)™(R) is surjective.
Therefore we have

Igs=(G, X)™(R) = [, (G, X)}e" (R) /R (R)).

We now observe from Corollary and Proposition that R*4(R) defines the
equivalence relation given in the statement. O

Remark 6.5.10. For k = F,, we see that the quotient IgSE(G,X)(Fp)/G(A?) can
be identified with the quotient of YKP(G,X)Eer(Fp) by the following equivalence
relation: Two points z,y € YKP(G,X)gzrf(Fp) are equivalent when there exists a
quasi-isogeny f: Ay --» Ay such that f : VI — VI respects the étale tensors,

and such that the induced isomorphism of isocrystals £(A4,) ~ £(A,) is induced
by an isomorphism of G-isocrystals Leryse ™~ Lerysy. S0 we can reasonably think
of Igs=(G,X)(F,)/G(AE) as the set of mod p isogeny classes in YKP(G,X)Eer(Fp).
H Using Proposition we see that this set does not depend on K,. This is
in agreement with the Langlands—Rapoport conjecture, see [LR87, Rap05} Kis17],
which gives a prediction of the set of mod p isogeny classes which does not depend
on K.

Remark 6.5.11. Following [XZ17, Definition 5.2.8], we deﬁnﬂ

Shtg, ), = Shtg, XGutsoc Shtg,.

It follows from Theorem [6.5.1] that there is a natural map

red . erf erf W
R = pr(G, X)I];E XIgSE(G,X)red pr(G, X)gE — Shtg7ullj/

which fits in a 2-commutative diagram

T, (G XN —— Rred —— S (G X)P

red red
Jﬂ—crys J Jﬂ—crys

Shtg,, «+———— Sht', ——— Shtg,,

where both squares are 2-Cartesian. Thus R™? corresponds to the sheaf Shy,,, of
[XZ17, Remark 7.3.3]. One can also interpret their conjecture on the existence
of exotic Hecke correspondences, see [XZ17, Hypothesis 7.3.2], in terms of (the
reductions of) Igusa stacks. This will be explained in forthcoming work of Sempliner
and one of us (PvH).

19We expect that our definition agrees with the one of [KMPS22, Section 2.3].
200ur definition can readily be seen to agree with the one in loc. cit., keeping in mind Re-
mark [3.1.8
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7. FUNCTORIALITY

In our construction of the Igusa stack Igsz(G,X) we made a choice of Hodge
embedding ¢ : (G,X) — (Gy, Hy), stabilizer Bruhat-Tits group scheme G and self-
dual lattice V7, signified by the notation = = (G,, Vz,)- In this section we show
that morphisms f : (G,X) — (G',X’) induce (unique) morphisms Igs=(G,X) —
Igs= (G, X), in particular showing that our construction does not depend on =. To
be precise, here we take the Igusa stack for (G,X) with respect to a place v of E
above p, and the Igusa stack for (G, X’) with respect to the induced place v’ of
E' CE.

7.1. Functoriality in parahoric group schemes. We begin by proving a lemma.

Lemma 7.1.1. Let (G,X) be a Hodge type Shimura datum, and let v1: (G,X) —
(Gy,Hy) and 12: (G, X) — (Gyr,Hys) be two morphisms of Shimura data. If
c1: Gy — Gy, and co: Gyr — Gy, are the similitude characters, then cpot1 = ca01s.

Proof. Write w: G,,, — G for the weight homomorphism, which is defined over QQ as
(G, X) is of Hodge type. Then wy = ¢t ow: G,, — Gy and wy = 19 ow: Gy, — Gy
are the weight homomorphisms for (Gy,Hy ) and (Gy», Hyv). We also observe that
c1 owy and ¢ o we are both given by z — 22.

The morphisms ¢; o ¢t; and ¢ o 1o both factor through G — G2 and moreover
through the maximal Q-split quotient 7' of G*. Thus it suffices to show that the
induced morphisms hy, ho: T — Gy, are equal. Since (G, X) is of Hodge type, the
Q-split rank of the central torus Z¢ is equal to 1, and this implies that T is of rank
1. Consider the homomorphism

g:Gp B G—T.

Observe that hy o g = ho o g as both ¢; o wy and ¢y o we are given by z +— 22.

This moreover shows that ¢ is nonzero, and hence a surjection since 7' is abstractly
isomorphic to G,,. It follows that hy = ho. O

7.1.2. Suppose [ : (G,X) = (G, X) is a morphism of Shimura data of Hodge type,
and let E and E’ be the reflex fields of (G, X) and (G', X’), respectively. Fix a prime
p and a place v of E above p as before, let v/ be the induced place of E’, and let
E’ C E be the induced inclusion of completions.

Let G and G’ be stabilizer Bruhat-Tits group schemes over Z, with generic fibers
G = Gq, and G’ = G(’@p. Let K, = G(Zp) and K, = G'(Zp). If f(K)) C K,, then

there is a morphism of Shimura varieties
(7.1.1) Shg,(G,X) — ShK;(G/,X’)E.

To get a morphism of integral models, we need to assume that f(G(Z,)) C G'(Zy),
or equivalently (see [KP23, Corollary 2.10.10]) that f extends (necessarily uniquely)
to a morphism G — G’. The following result is [DvHKZ24, Corollary 4.1.10], but is
essentially due to Pappas—Rapoport, see [PR24, Theorem 4.3.1]
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Lemma 7.1.3. If fo, extends to a morphism G — G', then (7.1.1)) extends uniquely
to a morphism

F16,(6,X) = i (6, X,
which moreover sits in a 2-commutative diagram
c§ﬂ]<'p(G,X)<> E— yK;@(G’X)?DE XSdeE/ Spd OE

| !

Shtg,# Shtg',;/,oE .

7.1.4. Fix Hodge embeddings
t:(G,X) = (Gy,Hy) and ¢/ : (G',X") — (Gyr, Hy).

We assume as in Section that there are self dual Z,-lattices Vz, C Vg, and
Vg, C V‘@p such that G(Z,) is the stabilizer of V%p =Vz, (?Zp Zp in G(Qp), and such
that G'(Z,) is the stabilizer of VZ’p =Vy, ®z, Lp in G'(Qp). Then as explained in
[PR24, Section 4.3], this means that ¢ : G — Gy extends to a dilated immersion
G — GSp(Vz,) and that . : G — Gy extends to a dilated immersion G — GSp(V7, ).
We let Vz,, = Vz, NV, Vz/(p) = Vz NV" and set M, = GSp(Vz,)(Zp), M, =
GSp(VZ )(Z,).

7.1.5. Let VZ”( = vy D Vz,» equipped with the direct sum of the symplectic
forms on VZ’(p) and Vz . and let V" = Vg @z, Q; set M) = GSp(VZ”@)). Observe
that there is an idempotent © € Endz(p)(VZ”(p)) projecting to VZ’(p), and note that
©’ =1 — O is an idempotent projecting to Vz<p)~

Let Op C Endg, (VZ”(p)) be the Z,)-algebra generated by © and let B = Op ®Z )
Q. Then (B, Op, VZ”(p), %, h) is an unramified integral Shimura PEL datum in the
sense of [Shi09, Definition 5.2]. Here x* is the involution on VJ/ , coming from the
symplectic pairing and A is a point of Xy x Xy. The corresponding similitude group
is given by

Go = Gy XGm Gy C Gy

and we similarly define Go = GSp(Vz,) xg,, GSp(VZ’;p). This PEL datum induces

a Shimura datum (Gg,Xg). By Lemma the natural map (t,¢/ o f) : G —
Gy x Gy factors through Gg, and this in fact induces a morphism of Shimura data
(G,X) — (Ge,Xe@). The composition of this map with (Gg,Xe) — (Gyr,Hyn)
defines a Hodge embedding

L// : (G,X) — (GVH7 HV”)'

The assumption that f@p extends to a morphism G — G’ tells us that G (Zp) is the
stabilizer of V7' in G(Q,). We can thus use the embedding ¢/ to an Igusa stack
P

Igs=1 (G, X), where we write = = (G,+,Vz,), & = (¢, !/, VZ’p), and E” = (G, L”,VZ’;),
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Proposition 7.1.6. Assume that pr extends to a morphism G — G'. Then in
the situation described above, the projections from VZ”(p) onto Vg, and VZ/(p) induce

morphisms
(7.1.2) Igs=(G, X) + Igszn (G, X) — Igs= (G, X)

which are compatible with the 2-Cartesian diagrams in (6.0.1) for (G,X,G) and
(G',X',G"). Moreover, the left-hand morphism in (7.1.2)) is an isomorphism.

Proof. Let us first show the existence of the morphism on the right, following the
ideas of [KZ21], Section 5.3.1].
By [Kis10, Lemma 2.1.2], the map ¢” induces an embedding

ShKP(G,X) — ShMZé/(le/’ HV//)E,

By |[DvHKZ24, Corollary 4.1.9], see [PR24, Theorem 4.5.2], the integral model
Yk, (G, X) is independent of the Hodge embedding used to define it. Thus .k, (G, X)
can be equivalently defined as the normalization of the closure of Shg, (G, X) in
yM{O’<GV”7 Hy»)o,, and the embedding above extends to a morphism of integral
models

pr(G,X) — yMI/j/(GV//7 HV”)OE-

Recall the auxiliary Shimura datum of PEL type (Gg, Xg) and the parahoric model
Go, and let Ko, = Go(Zp). Let S be the moduli space over Of of tuples
(A, N\, 0P, 04), where (A, \,nP) € YM;(GV”, Hy~), and ©4 € End(A) is an en-
domorphism compatible with © via the isomorphism ¢ : VP = V" ® A‘?. Then .%o

is an integral model for Shx, (Ge,Xe)r, and moreover it is (the base change to
Op of) the canonical integral model in the sense of [PR24]. Indeed, it is (the base
change to Of of) the smooth integral model constructed by Kottwitz correspond-

ing to the unramified integral Shimura PEL datum (B, Op, VZ’/@),*, ), see [Shi09,

Section 5]. By [Xu2ll Lemma 3.2], it agrees with the one constructed by Kisin in
[Kis10], which in turn agrees with the model constructed by Pappas-Rapoport in
[PR24] because the constructions are the same.

By functoriality of canonical integral models (see Lemma , we have a com-
mutative diagram

Y¥k,(G,X) ——— S
(7.1.3) s l
T (G X )o, —— S (Gyr, Hyr)o,.
uniquely extending the morphisms on the generic fibers. Note that the map Yo —
yM;,(GV', Hy/)o, is given by sending (A, A\, 7P, 04) to O4(A, A, nP).

Now we construct a morphism of v-stacks Igs=» (G, X) — Igs=/ (G, X"). It suffices
to construct instead IgsZ; (G, X) — Igst/°(G’,X), where the latter objects are the
presheaves of groupoids introduced in Section [5.2] Fix an affinoid perfectoid space
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S = Spa(R,R") in characteristic p. To an object = : Spf R* — #k (G,X) in
IgsP) (G, X)(S), we associate the object z’ given by composition

Spf R — S (6. X) 125 S0, (G X))o

On morphisms the process is more complicated: Suppose we are given a pair of
untilts (R*, R*1T), (R*2, R®T) over Op, morphisms z : Spf R+ — % (G, X),y :
Spf Rf2+ — ¥k, (G, X) over Spf O, and a morphism ¢ : x — y. So ¢ : A, --» A,
is a formal quasi-isogeny such that 7, o1 = 7, as morphisms V? — V ® A? and

such that the induced map &(A;) — E£(A,) of vector bundles on Xg is induced by
a (necessarily unique) isomorphism of G-bundles Lerysz — Lerys,y-
Now, since ¢ : Zk, (G, X) — yMT//(GV//,HV//)OE factors through .7g, we ob-

tain objects (Az, Az, 7z, Og) and (Ay, Ay, 1y, Oy) in %(Sprﬂ”), 1 = 1,2, which
map to ¢”’(z) and ”(y), respectively. On the other hand, by the commutativity of
the diagram (7.1.3)), we see that (.' o f)(z) = Oz(Ag, Az, ) and (/o fo)(y) =
@y(Aya)‘yvny)' Let 2’ = fy(x) and y, = fY(?D» S0 ®:E(Ax7)\za77x) = (Ax’v)‘xUnx/)
and @y(Aya )\y, ny) = (Ay/, )\y/, ny/).

We claim that 1 induces a formal quasi-isogeny ¢’ : A, --» A,/. For this it is
enough to show that ©, 01 = 9 0 ©,. In turn, by the proof of Lemma it
is enough to show this commutativity for the induced morphisms VI — V. But
this follows from the compatibilities of ©, with 7, and ©, with 7,, along with the
identity 7, o 1) = n;. Note also that the compatibility of ©, with n, and 6, with
ny, along with the fact that ©,(VE) = V?,, implies that 1, o ¢’ = 9.

It remains only to check that there is a morphism of G’-bundles 9 : Leypys 2 —
Lerys,y on Xg which induces £(¢') : £(Ay) — E(Ay). By functoriality of merys, we
have a natural isomorphism Lerys x¢q = Lerys 2/, and similarly for y'. Thus the
morphism Yerys : Lerys,z — Lierys,y coming from 1 :  — y induces a morphism of
G'-bundles ¥,ys : Lerysar — Lerysy- It now suffices to check that this induces the
map E(¢') of GL(V')-bundles on Xg. But this follows from the 2-commutativity of
the cube

Bung Bung,
7 ‘
Yk, (G, X)? 1 5 {
ij; Bungy [ Bung,,
/ , /
sz/? (G/, X/)%E —t yMZ’O(GVH HV/)%E

coming from the fact that all the integral models in equation ((7.1.3) satisfy the
Pappas—Rapoport axioms, and applying Lemma [7.1.3]
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This completes the construction of the map IgsZ, (G, X) — IgsZ (G, X’). Let
Igs= (G, X) — Igs=/ (G, X') be the induced map. As a consequence of the construc-
tion we see that the following cube is 2-commutative.

IgSE// (G, X) IgSE/ (G/, X/)
T ‘ T
Sk, (G,X)° i (G X))
(7.1.4) ’ | ’ OF
‘/ BUHG’u—l L BunG/#/fl.
/ /7
Shtg’u Shtg/7u/7(9E

To construct the left morphism in the proposition, we follow the same argument
as above, replacing © by the endomorphism ©’ of V/ ) whose image is V7, . This
p

gives us a morphism Igs=/ (G, X) — Igs=(G, X). To show this is an isomorphism it is
enough to pass to the v-cover BL : Shtg , 5—1,5 — Bung ,-1 of Corollary But
by commutativity of the cube in and Theorem for both Igs=/ (G, X) and
Igs=(G, X), the morphism

IgSEu(G, X) X Bung Shtg,‘u,(;:l’E — IgsE(G, X) X Bung Shtg”u,(;:l’E

is identified with the identity map Shg, (G, X)o0 — Shg, (G, X)%?, so we are done.
]

7.1.7. Conclusion. Suppose f : (G,X) — (G',X’) is a morphism of Shimura data of
Hodge type, and let E and E’ be the reflex fields of (G, X) and (G', X’), respectively.
Fix a prime p and a place v of E as before, let v' be the induced place of E/, and let
E' C E be the induced inclusion of completions. Make choices = = (G, ¢, Vz,) and

='=(¢',/,V; ) as in Section

Corollary 7.1.8. If fq, extends to a morphism G — G', then f induces a unique
morphism of v-sheaves

Igs=(G, X) — Igs=/ (G, X).
fitting in a commutative diagram

T, (G, X)° —— Sy (G X)°

| |

Igs= (G, X) —— Igs= (G, X').

Proof. The uniqueness follows from the v-surjectivity of the vertical arrows in the
diagram, and existence is given by inverting the first arrow in of Proposition
[(.1.6l ]
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7.2. Change-of-parahoric morphisms. Let (G, X) be a Shimura datum of Hodge
type, with a prime p and v | p a place of the reflex field E as before. Make choices
E = (G1,¢,Vg,) and E' = (Ga, ¢, V7 ) as in Section Assume that the identity
map of G extends to a morphism G; — Gs of quasi-parahoric group schemes. This is
equivalent, by [KP23, Corollary 2.10.10], to assuming that G (Z,) C Ga(Z,). Then
by Corollary above, we have a morphism of the corresponding Igusa stacks.

Proposition 7.2.1. The map Igs=(G,X) — Igs=/(G,X) constructed in Corol-
lary is an isomorphism.

Proof. 1t suffices to check the map is an isomorphism after base change via the v-
cover Shtg, , 51, — Bung ,-1, see Corollary [6.4.2] By Lemma [5.1.6] and the fiber
product formulas for both Igusa stacks, see Theorem [6.0.1} this base changed map
can be identified with the natural map

Sth,I (G’ X)OVO - Sth,Q (G’ X)07<> xSthz,u,J:LE Shtgl,ltﬁ:l»E'

To show that this is an isomorphism, we need to show that the diagram

Shg,, (G,X)> —— Shtg, ,s5-15

(7.2.1) J l

Shy, ,(G,X)* —— Shtg, ,.5-15

is 2-Cartesian. Using the description of the generic fiber of the stacks of shtukas
from equation (2.3.2)), we can identify (7.2.1)) with the diagram

Shi,, (6, X)"" —— [Grg -1 /K]

| l

Shi, ,(6,X)"0 —— [Grg,1 /Kpa| -

The latter diagram is visibly 2-Cartesian, for instance because both vertical maps
are surjective and finite étale of degree #(K, 1\Kp2). Indeed, the diagram

Shy,,(G,X)*¥ —— Shg,,(G,X)"

| !

Shy,,(G,X)*¥ —— Shg,,(G,X)"

is Cartesian by [IM20, Corollary 5.29], and the right-hand side is finite étale of
degree #(Kp1\Kp2). O
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Corollary 7.2.2. If the identity map of G extends to a map Gy — Go, then the
diagram

pr@ (G, X)<> R Shtgh;“;:l

| |

pr,z(G7x)0 — Shtgz;lh(s:l
is 2-Cartesian.

Proof. This is a direct consequence of Theorem [6.0.1] and Proposition [7.2.1] O

Remark 7.2.3. If one takes the reduction of the 2-Cartesian diagram in Corollary
to AffPf then one recovers [vanH20, Theorem 4.4.1] as a special case.

7.3. Independence of choices. Let (G,X) be a Shimura datum of Hodge type
with reflex field E. Let p be a prime number and let v be a prime of E above p and
let E be the v-adic completion of E. Let = = (G,, Vz,) be a choice as in Section [5.2
and let Sh(G, X)O’<> be the potentially crystalline locus introduced in Section |5.1.5
Then by Lemma Corollary [6.4.2| and (2.3.2)), the natural map

Sh(G,X)>® — Igs=(G, X)

is a surjection in the v-topology, establishing Igs=(G, X) as a quotient of Sh(G, X)O’O.
This gives us an equivalence relation R(Z) C Sh(G,X)*® x Sh(G,X)*? defined as
Sh(G, X)*? x1ge_(c.x) Sh(G,X)>.
Proposition 7.3.1. If 2 = (G,:,Vz,) and &' = (g’,L’,Vpr) are two choices as in
Section then R(Z) = R(Z').
Proof. Since G and G’ are stabilizer Bruhat—Tits group schemes, there are points x
and z’ in B(G,Q)) such that
G(Z,) = G(Qy)' NStab(z), and §G'(Z,) = G(Q,)' N Stab(z)).

Let F and F’ denote the facets of B(G,Q,) containing = and 2/, respectively, sat-
isfying G(Z,) D G(Qp)% and G'(Z,) D G(Qp) . From Lemma we know that
G(Qp)L and G(Qp)%, are also stabilizers of points in B(G, Q,); let us write G; and
Go for the corresponding quasi-parahoric group schemes. Then G; and G, upgrade
to choices Z1 and =g as in Section [5.2] because they are stabilizer Bruhat—Tits group
schemes. By Proposition we have R(ZE) = R(Z1) and R(Z') = R(Z2).

Using Proposition[7.2.1]and the above argument inductively, we see that the result

follows if we can find a chain of facets F3, - - - , F,, whose associated quasi-parahoric
subgroups satisfy the following inclusion relations
G(Qp)}-} G(Qp)}:n
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But such a chain exists by the contractibility of the Bruhat-Tits building B(G,Q,),
see e.g., [KP23| Axiom 4.1.1, Corollary 4.2.9)]. O

From now on we will write Igs(G,X) for Igs=(G,X) and Igsg, (G,X) for
Igs= kr(G, X). We now prove the functoriality stated in Theorem Let f: (G,X) —
(G',X’) be a morphism of Shimura data and let v | p be a prime of the reflex field
E D E/; let v/ be the induced prime of E’. Then there is a morphism of infinite level
Shimura varieties

Sh(G,X)® — Sh(G',X")%.

Theorem 7.3.2. There is a unique morphism Igs (G, X) — Igs(G', X") such that the
following diagram commutes.

Sh(G,X)”® —— Sh(G',X)3°

l |

Igs (G, X) —— Igs(G', X).

Proof. 1t suffices to show that the equivalence relation from Proposition [7.3.]] is
functorial for morphisms of Shimura data. By Corollary [7.1.8 and Proposition [7.3.1]
it suffices to show that we can find stabilizer Bruhat—Tits models G of G and G’ of
G’ such that f extends to a morphism G — G’. This statement is Lemma m O

8. COHOMOLOGICAL CONSEQUENCES

In this section, we will apply the six functor formalism of [Sch17] and the ma-
chinery of [FS24] to the cohomology of Shimura varieties of Hodge type. We will
first show that the Igusa stack is cohomologically smooth and compute its dualizing
sheaf, see Theorem this completes the proof of Theorem [I| In Section [8.4]
we will construct a sheaf F on Bung ,-1 ), which controls the cohomology of the
Shimura variety, see Theorem We will use this to prove Mantovan’s product
formula for the cohomology of the Shimura variety, see Theorem [8.5.7 We then
prove Theorem [V} see Theorem We start in Section by briefly recalling
from [Sch17] and [FS24] some of the six functor formalism that we will use. In
Section [8:2] we will prove a technical result about Frobenii and Weil group actions.

8.1. Etale sheaves on Bung. Fix a prime p and a prime ¢ # p. Let A be a
Noetherian Zg-algebra in which £ is nilpotent, which will serve as our coefficient ring.
For a small v-stack X we write D(X, A) for the triangulated category Dei (X, A) in
[Sch17, Definition 14.13]. By [Schl7, Lemma 17.1], there is a (natural choice of)
presentable stable co-category Dg (X, A) whose homotopy category is equivalent (as
a triangulated category) to D¢ (X, A). We review below some preliminaries of étale
sheaves on Bung from [FS24]. Throughout this section, we fix an algebraic closure
k of Iy,
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8.1.1. Let [b] € B(G) and let 4 : Bungk — Bung,;, denote the inclusion. Choose
b € [b] and let Gy denote the o-centralizer of b, see [RR96, Section 1.11], which is a
connected reductive group over Qp,. Then by [ES24, Proposition V.2.2], there is an
equivalence of categories

D(Bun[(g]vk, A) ~ D(Gp(Qp), A),

where D(G4(Qp), A) denotes the (unbounded) derived category of the category of
smooth representations of G,(Qp) on A-modules.

8.1.2. If X is a quasi-separated rigid space over a non-archimedean field C, then X?
is a locally spatial diamond, see [Sch17, Lemma 15.6]. We will consider the étale site
of the locally spatial diamond X, see [Sch17, Definition 14.1]. The derived category
D(X,, A) of sheaves of A modules on X§, admits a fully faithful functor to D(X?, A),
see [Sch17, Proposition 14.15]. We will use [Sch17, Lemma 15.6] to identify the étale
site of X with the étale site of X©. This induces isomorphisms of derived categories
of étale sheaves compatible with x-pullback, see [Sch17, Proposition 14.7], and thus
x-pushforward because it is an adjoint. This comparison is moreover compatible with
internal hom and tensor product, and also with !-pushforward and !-pullback since
the constructions are the same (extension by zero to the canonical compactification,
and then pushforward). Thus we may use results from Huber’s book [Hub96| for
X, in the six-functor formalism of [Schi7] for X©. We will do this in what follows
without further comment.

8.1.3. We will use the notion of universally locally acyclic (ULA) sheaves from
[FS24] Definition IV.2.31]. By Theorem V.7.1 of loc. cit., a complex A €
D(Bung , A) is ULA with respect to Bung; — Spdk, if and only if M, = ifA €
D(Gy(Qp), A) is admissible in the sense that for any pro-p compact open subgroup
K C Gy(Qyp), the complex MbK is (quasi-isomorphic to) a perfect complex of A-
modules.

8.1.4. We recall the perverse t-structure on D(Bung g, A) from [HL23|, Definition
4.11]. For [b] € B(G) we let v}, be the conjugacy class of fractional cocharacters of
G over Qp given by the Newton cocharacters of b € [b]. We denote by d, = (2p, 1)
the pairing of v, with 2p, where 2p is the sum of all positive roots for some choice
of Borel BC G® @p.

Proposition 8.1.5. For any open substack U C Bung,, there is a t-structure on
D(U,A) characterized by the conditions that A € PD<O(U, A) if for all [b] € B(G)

we have
itA e DB (Bunl,, A),
and A € PD=%(Bung x, A) if for all [b] € B(G)

i, A € D=4 (Bunl,, A).
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Proof. This result is well-known to experts; we supply a proof because we could not
locate one in the literature.

We argue as in [FS24, Proposition VI.7.1]. There is a presentable stable oco-
category D(U, A) whose homotopy category is D(U, A), see [Schl7, Lemma 17.1].
Consider the full subcategory PD<(U, A) C D(U, A) whose objects are A € D(U, A)
satisfying if A € D% (Bungk, A) for all [b] € |U|. Once we show that PD<C(U, A) C
D(U, A) is stable under extensions and colimits, and generated by a small set of
objects under extensions and colimits, it follows from [Lurl7, Proposition 1.4.4.11]
that there exists a unique t-structure (PD=(U, A),PD=°(U, A)) on D(U, A). Stability
under extensions and colimits is clear, and for generation by a small collection of
objects, we use the objects {ib,gc—Ind]G(b(Qp)A[n]} as [b] runs over points in |U|, K
runs over open subgroups of G,(Q,), and n runs over integers that are less or equal
to —dp. It is clear that such objects generate i) D<% (Bun[g’k, A). We may now use
excision together with the fact that if we write U = liga U, for jo: Uy — U quasi-
compact opens, then A = liga Ja,jaA. This proves the existence of a t-structure.

We now identify the full subcategory PD=°(U, A) with those A € D(U,A) with
the property that if A € D=% (Bungk, A), for all [b] € |U|. By definition, see [LurlT,
Remark 1.2.1.3], we have A € ?D=(U, A) if and only if Hompy ) (B, A[-1]) = 0
for all B € PD=0(U, A).

We first check that if A € PD29(U, A) then ijA € D=% (Bun[Gb{k,A). For this,

we simply note that for all [b] € |U| and B € ngb(Bungk,A) we have i, B €
PD<0(U, A) and hence
Hom(B, i, A[-1]) = Hom(iy, B, A[-1]) = 0.

This implies i} A € Dzdb(Bun[gk, A) as desired.

In the reverse direction, assume that iy A € D=% (Bung}k,A) for all [b] € |U|. It
suffices to verify that RHom(B, A) € DZ%(A) for all B € PD<(U,A). For each
[b] € |U| we have

RHom(iyyi; B, A) = RHom(i} B, i} A) € D=°(A)
since i; B € ngb(Bun[Gb]k,A) and i}A € Dzdb(Bun[gk,A) by assumption. Next,
on any quasi-compact open jo: Uy, < U we may write j,1j,B as an extension of

ip,i; B and hence RHom(j, 1% B, A) € D=Z°(A). Finally once we write U = lim Ua
we have

RHom(B, A) = RHom (lim jo1j5 B, A) = lim R Hom(ja,1j5 B, A) € D=°(1)

as the full subcategory D=°(A) C D(A) is stable under limits, see [Lurl7, Corol-
lary 1.2.1.6]. O

8.2. Weil group actions. When proving Theorem [[V]in Section we will com-
pute the cohomology of a Shimura variety with local reflex field E using its structure
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morphism to Divk = [Spd E/#%]. This endows the Shimura variety with an action
of the Weil group Wg which is a priori different from the natural one given by re-
stricting the action of Gal(E/E) on the cohomology. In this section we show that
these two Weil group actions agree. The results of this section are well-known to
experts, and we encourage the reader who is comfortable with this comparison to
skip this section.

8.2.1. Recall that every v-stack X is equipped with an automorphism ¢x: X — X,
called the absolute Frobenius of X (see Section [2.1.9). Recall as well that any
morphism f: X — Y of v-stacks is ¢-equivariant, in the sense that the diagram

X X
(8.2.1)
bl

y 2, v

ox

is 2-commutative. We begin by sharpening our understanding of this ¢-equivariance.

Lemma 8.2.2. For any morphism f: X — Y of v-stacks, the 2-commutative dia-

gram (8.2.1) is 2-Cartesian.

Proof. Let Z be another v-stack, and suppose we are given 1-morphisms a: Z — X
and 8: Z — Y and a 2-isomorphism foa ~ ¢y o 5. Then a o qsgl: Z = X
is the unique (up to isomorphism) 1-morphism making the respective triangles 2-
commute. ([l

Lemma 8.2.3. For a small v-stack X and an object F € D(X,A), there is a
canonical descent datum ¢can r: 5 F 5 F.

Proof. This follows from Lemma see the arguments in [Sta23, Lemma 03SR).
More concretely, for every object T € X of X,, we may describe (¢*F)(T) =

F(T KN N X), and this is identified with F(T' — X)) via ¢%.. O

Lemma 8.2.4. Let f: X — Y be a morphism of small v-stacks, inducing a
morphism of v-stacks fu: [X/¢%] — [Y/¢%]. Let F € D(Y,A) and let F, €
D([Y/¢%], A) be the descent of F for the canonical descent datum. Then foFs €

D([X/9¢%],N) is canonically identified with the descent of f*F for the canonical
descent datum on X.

Proof. After unraveling the constructions, this is equivalent to the existence of a
canonical coherence datum

¢can,f*}_
—

Ox I F F

f*gf);(/f f*¢can,]: f*f

This again follows formally from Lemma [8.2.2 U
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Lemma 8.2.5. Let m: X — Y be a gcgs morphism of small v-stacks, and let
me: [X/9%] — [Y/d%] be the induced map. Let A € DT(X,A) and let Ay €
D([X/¢%],A) be the canonical descent of A. Then Rmy Ay € D(Y/PL],A) is
the canonical descent of R, A € D(Y,A).

Proof. Because both m and 74 are qcgs, using [Sch17, Proposition 17.6] we may
identify R, and Rmy, with the pushfoward on the v-sites Ry, and Rmy . Using
qcgs base change, see [Sch17, Theorem 1.9.(i)], along

X —— [X/¢%]

Lk

Spd L —— [Spd L/¢%]

we see that the pullback of Rmy Ay to Y agrees with Rmy,.A. It now suffices to
check that the descent data agree, i.e., the map

S Rive A 55 Roudie A 2904 R A

agrees with ¢can rr,.4, see Lemma [8.2.3 This formally follows from the fact that
¢* can be computed by Frobenius action on the site. O

8.2.6. The derived oco-category D(A) can be promoted to a condensed oo-category
in the sense of [FS24], Section IX.1] by considering the assignment sending a profinite
set S to the derived oo-category D(S, A) of sheaves of A-modules on the topological
space S. For every algebraically closed perfectoid field C, this agrees with the
condensed oco-category structure on D(Spd C, A) described in [FS24, Section 1X.1],
because for every profinite set S we have an equivalence

(8.2.2) D(Spd C x S, A) ~ D((Spd C x )&, A) ~ D(S, A)

as SpdC x S is strictly totally disconnected, see [Schi7, Definition 7.15, Defini-
tion 14.13].

Lemma 8.2.7. Let Y and Y’ be small v-stacks, and let f: Y' — Y be a 0-truncated
v-cover. Then pullback along f induces an equivalence of co-categories

D(Y,A) = Im(D(Y', A) = DY’ xy Y/, A) 3 DY xy ¥V xy Y, NS+,
where the limit (in the sense of [Lur09, Section 3.3.3]) is over the Cech nerve for f.

Proof. This is implicit in [Sch17, Remark 17.4]. From [Sch17, Proposition 17.3],
we have an analogous statement for D(Y,, A), and then it remains to check that
A € D(Y,,A) lies in D(Y,A) if and only if f*A € D(Y',A). This follows from
[Sch17, Remark 14.14]. O
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8.2.8.  For every condensed oco-category C and a locally profinite group G, we may
consider the Cech nerve of * — BG and evaluate on C to form the cosimplicial
diagram of co-categories

C=C(@)=C(GH=---,

where to evaluate C(G") we first write G™ as a disjoint union G" = []; S; of profinite
sets and define C(G™) = [[;C(S;). We write CBY for the limit of this diagram of
oo-categories

8.2.9. For every locally profinite group G, together with an action of G on Spd C,
we construct an equivalence of co-categories

D([Spd C/G], A) ~ lim(D(Spd €, A) = D(Spd €' x G, A) = D(Spd C' X GH=--)
~lim(D(A) = D(G,A) = D(G* )= ---) = D(A)PC
using Lemma on the Cech nerve of SpdC' — [Spd C/G] and (8.2.2). If H is

another locally profinite group with a continuous group homomorphism H — G,
there is an induced morphism f: [Spd C/H] — [Spd C/G]. The associated pullback
functor
D(A)PC = D([Spd C/C), A) L D(Spd C/H], A) ~ D(A)P

agrees with restricting the G-action to an H-action.
Lemma 8.2.10. Let G be a locally profinite group with an action of G on Spd C.
Then we have an isomorphism of stacks [[Spd C/Q]/¢[ZSpdC/QJ] ~ [SpdC/(G x
¢%)], and moreover the functor induced from the canonical descent datum (see
Lemma m

D(A)%¢ = D([Spd C/G], A) — D([Spd C/(G x ¢)], A) = D(A)*H)
agrees with restriction along the projection map G X Z — G.
Proof. The first part follows immediately from the functoriality of ¢ together with
the fact that ¢ acts by identity on G. For the second part, we note that because the

canonical descent is functorial for pullbacks, see Lemma the descent functor
is induced by taking the limit of both rows in the diagram

D(Spd C,A) ——= D(SpdC x G, A) =—r5 ---
s b
D([Spd C/¢%],A) —= D([(Spd C x G)/¢?],A) == --- ,

where the horizontal functors are pullbacks and the vertical functors d, are canon-
ical descents, see Lemma [8:2.3] On the other hand, the quotient map SpdC —
[Spd C/¢z] induces a morphism of simplicial v-sheaves f, from the Cech nerve of

210ne may also construct CZ by realizing BG as a condensed co-category and considering the
oo-category of condensed functors.
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SpdC — [Spd C/(G x ¢*)] to the Cech nerve of [Spd C/¢?] — [Spd C/(G x ¢7)].

Pulling back along these maps induces another diagram
D([Spd C/¢”],A) —= D([(Spd C x G)/¢"],A) == -~

ifg lff

D(SpdC,A) ——=X D(SpdC x G X Z,\) —= -- -,

where taking the limit of both rows induces the identity functor on D([Spd C/(G x
¢"), A).

It now suffices to check that the composite functor

D(G™, A) =~ D(Spd C x G, A) L2 D(Spd € x G™ x Z", A) ~ D(G™ x Z", A)

agrees with pulling back by the continuous projection map G™ x Z" — G™. For this
we note that f,, can written as the composition

Spd C x G" x Z" % Spd € x G™ L [(Spd C x G™) /7],

where p,, is the projection. Now g, o d,, is the identity functor by construction, and
hence f} od,, = p;, agrees with pullback along G" x Z" — G as desired. O

8.2.11. Let L be a finite extension of @, with residue field F, = p". Later we will
take L to be E, so this slight conflict of notation shall not become confusing. We
let C be the completion of an algebraic closure of L, let L be the completion of the
maximal unramified subextension of L in C, and let k be the residue field of L. Let

o denote the Frobenius on L = W, (k)[%] obtained as the Teichmiiller lift of the

g-Frobenius on k.

Lemma 8.2.12. There is a canonical isomorphism
Spd L = Spd L xspar, Spd &

under which o is identified with id x ¢".

Proof. Let S = Spa(R, R") € Perfr, be an affinoid perfectoid test object. A map
S — Spd L is determined by an untilt of .S over Spa L, ie., a pair (Sti 2 SpalL,.:
S~ S). Given such a pair, the map o* : Oy — R defines a unique k-algebra
structure on the perfect F,-algebra RT by adjunction between Wo, (=) and (—),
giving therefore a map SdeV/ — Spd k. This together with the natural projection
Spd L— Spd L gives the desired map. To construct an inverse to it, assume we are
given an S-point of the fiber product, i.e., a pair (S EN SpaL,.:SP ~ S), a map
k % R* such that there is a commutative diagram

wk) 2O w(rt) —s R

T e

W (F,) —— Of.
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This commutative diagram leads to a map Wo, (k) — Rt which gives rise to an
S-point of Spd L. One verifies readily that the two constructions are inverse to each
other. Since W (Frob,) = o, the second claim is clear. O

8.2.13. Let Galp be the absolute Galois group of L. We consider the action of
Galp x Z on Spd C, where (7,n) acts by 7 o ¢f». We can identify
[Spd C/(Galg, x {0})] = Spd L, [Spd C/(Galy, x Z)] ~ [Spd L/¢7].
Denote by Wy, C Galy, the Weil group of L. There is a twisted embedding
v: Wi — Galp XZ; 7+ (1,—rdegT),

where deg is the projection Wy — (¢")% ~ Z, cf. [FS24, Section IV.7]. Then the
natural map SpdC — Spdk is «(Wp)-equivariant when we give Spd k the trivial
action.

8.2.14. Let m: X — Spd L be a qcgs morphism of v-stacks. Taking cohomology
defines a sheaf
Rm.A € D(Spd L, A) = D([Spd C/(Galy, x {0})],A) ~ D(A)B Galr,

On the other hand, we may quotient by the absolute Frobenius action on both sides
to define my: [X/@%Z] — [Spd L/¢4%], and then base change along F, — k to define

To: [X/8] xspaw, Spdk — [Spd L/¢"*] Xspar, Spd k.
Using Lemma [8:2.12] we may identify the target with
(Spd L xspar, Spd k)/(¢"* x id)] = [Spd C/u(WL)].
Therefore we obtain
Rrg s € D([Spd C/u(WL)], A) = D(A)PVE,
Proposition 8.2.15. Let 7: X — Spd L be as above. Under the restriction functor
D([Spd C/(Galg x {0})],A) = D(A)P It — D(A)PWE ~ D([Spd C/u(WL)], A)

along the inclusion Wy, — Galp, the object Rm,A is sent to Ry, . A.
Proof. By Lemma the object
Rrr A € D(Spd L/¢], A) = D(A)P(Cale x12)

is the canonical descent of Rm,A € D(A)PG2L. This implies by Lemma [8.2.10

that Rmg A is obtained from Rm.A by pulling back the action along the projection
Galy, xrZ — Galy,.
On the other hand, qcgs base change for the diagram

[ X/¢"] Xspar, Spdk [X/¢"]

Jos 2

Spd /"] xspa, Spd k = [Spd C/u(Wp)] < [Spd L/¢'7] = [Spd C/(Galy x 1Z)]
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implies that g* Ry A o~ Rmy kA, where g*: D(A)B(Gal xr2) _ D(A)EWL is given
by restriction along ¢: Wi — Galyp XZ. Putting the two together, we conclude that
Rm.A € D(A)BYI is sent to Rmy kA in D(A)BPWL under restriction along the
composition

W, % Galp xrZ ‘2% Gal,
which is the natural inclusion. 0

8.3. The dualizing sheaf of the Igusa stack. Let (G, X) be a Shimura datum of
Hodge type with reflex field E. Fix a prime number p and a prime v | p of E, let E
be the completion of E at v, and let K? C G(A?) be a neat compact open subgroup.
Fix k an algebraic closure of kg as before. We let Igsyp ), = Igskp (G, X) be the
Igusa stack constructed in Section [5], see Theorem base changed to k. In this
subsection, we compute the dualizing complex in D(Igsyp g, A). The main result is
the following theorem.

Theorem 8.3.1. The stack Igsyy j, is an £-cohomologically smooth Artin v-stack of
{-dimension (. Moreover, the dualizing sheaf of Igsg» , — Spd k is isomorphic to
A[0].

By proving this theorem we will complete the proof of Theorem [} For the theorem
we need as input some understanding of the dualizing complex on Bungy, the
Shimura variety and the flag variety. This is the content of the theorem and two
lemmas that follow.

Theorem 8.3.2. The v-stack Bung j, is an £-cohomologically smooth Artin v-stack
of L-dimension 0. Moreover, the dualizing sheaf of Bung  — Spdk is isomorphic

to A[0].
Proof. The first part is [FS24, Theorem I1.4.1.(vii)], and the second part is [HI24]
Proposition 3.18]. O

For our fixed compact open subgroup K? C G(A’}) we consider

Sh3 = Shir(G,X)% = lim  Shy, x»(G,X)*7.
UpCG(Qp)

Lemma 8.3.3. Consider the structure map
q:[Grg,-1 /G(Qp)] — Spd E.

Then there is an isomorphism Rq'A ~ A[2d](d).

Proof. Tt is clear that the underlying complex of Rq'A is isomorphic to A[2d](d) since
Grg -1 is smooth of pure dimension d, see [Hub96l, Proposition 7.5.3]. To show that
the G(Qp)-equivariant structure is trivial, consider the Cartesian diagram

CGrg -1 ———— Spd E

s [

(Grg 1 /G(Q,)] —1— [Spd E/G(Q,)].
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Note that since f is f-cohomologically smooth and f has finite dim.trg (as all fibers
have uniformly bounded dim.trg, cf. the paragraph below [Schi7, Remark 21.8]), the
map f is also ¢-cohomologically smooth by [Sch17, Proposition 23.15]. Then we have

g'Rf'A~ Rf'g"A,
as complexes with G(Qp)-equivariant structure by [Sch17, Proposition 23.16.(3)].
But the right hand side complex has trivial G(Qp)-action. This implies that
Rf'A ~ A[2d](d) as complexes on (Grg -1 /G(Qp)]. Now since G(Qp) is unimodu-
lar, the shriek pullback of A along [Spd E/G(Q,)] — Spd E is trivial, see [HKW22,
Example 4.2.4, 4.2.5]. Hence R¢'A ~ Rf'A ~ A[2d](d). O

Lemma 8.3.4. Consider the structure map

¢ : [Sh}%/G(Q,)] — Spd E.

Then there is an isomorphism Rq''A ~ A[2d](d).

Proof. Fix a compact open subgroup K, C G(Q,) and let K = K,K?. We note
that Shf is an open subspace of the smooth rigid space Sh%* which is smooth of
dimension d. Thus it follows from [Hub96, Proposition 7.5.3] (cf. [Zav23, Theorem
6.1.8]) that its dualizing complex (relative to Spd E) is isomorphic to A[2d](d). Here
we fix the trivialization
ak : RgxA = A[2d)(d)

to be the adjunction map to the trace map as defined in [Hub96, (7.4.1)], where ¢k
denotes the structure map to Spa £ of Shj,. Note that by [Hub96l, 7.3.4] the trace
map is functorial, which will be crucial to our argument below.

To lighten the notation, we write below Sk for Sh;é> and Sk»p for Sh}g. Consider
the presentation

SK X[Skp /G(Q)] SK::}SK = [Skr /G(Qy)]-
The last map is étale since G(Q))/K), is a discrete topological space. Thus the
dualizing complex Rq!KA on Sk is equipped with a natural descent datum
PiRaiA =~ Rp\ RajcA = R(qx o p1)'A
= R(gx o p2)'A = Rpy R A = ps Ryic A,

where the first and last isomorphisms come from the natural isomorphism p} —» Rp,
for i = 1,2. Via the trivialization a, it identifies with the natural descent datu

piA[2d)(d) ~ A[2d](d) ~ prA[2d](d),
on 7*A[2d)(d) on [Sk»/G(Q,)]. Since by [FS24, Definition IV.1.13], Rg" A is defined

as the complex on [Sk»/G(Qp)] given by the first descent datum, it follows that it
is isomorphic to A[2d](d). O

22Here we are using the naturality of the trivializations of dualizing complexes on Sk and
SK X[skp/G(Qy)] Sk, coming from that of the trace maps [Hub96, 7.3.4 (Var 3)].



86 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

Remark 8.3.5. The argument here shows more generally that an étale quotient of
a smooth rigid space of dimension d has dualizing sheaf A[2d](d).

Proof of Theorem[8.3.1 Note that using Corollary and [Schl7, Proposi-
tion 13.4.(iv)], we can argue as in the proof of [Zha23, Corollary 8.19] to deduce
that Igsgp is an Artin v-stack. To prove that Igsgp ; — Spdk is £-cohomologically
smooth of ¢-dimension zero, it suffices to do so after base changing Igsy . via the
cohomologically smooth cover Spd E— Spd k: Similarly, to conclude that the du-
alizing complex of Igs g, , — Spd k is constant it suffices to do so after base changing
via Spd E — Spd k. Indeed, since the formation of the dualizing sheaf commutes
with base change, see [Schi7, Proposition 23.12.(iii)], if the result holds over Spd E,
then it holds over Spd C' for any complete algebraically closed field containing E,
and the base change map

D(Igst,ka A) - D(IgSKP,C’ A)

is fully faithful by [Sch17, Theorem 1.13.(ii)].

For the rest of this proof only, we will base change Bung and Igsgy j, via Spd E—
Spd k and we will base change Shi&<> and Grg -1 via Spd E — Spd E, without

changing our notation. The maps (over Spd E) induced by the Beauville-Laszlo
map and the reduction map then still sit in a Cartesian diagram

sh3 % (Grg o /K]
(8.3.1) J{qlgs JBL

I _THT . B
gS1cp ung 1.

Moreover the Beauville-Laszlo map BL is a separated ¢-cohomologically smooth
map of ¢-dimension d, see [FS24] the proof of Theorem IV.1.19]@ Hence by [Sch17,
Proposition 23.15], the base change g is also separated and f-cohomologically
smooth of ¢-dimension d, and it is moreover a surjection by Corollary [6.4.2] Since
Sh;&<> is itself an £-cohomologically smooth spatial diamond, it follows by definition
that Igsgr — Spd E is f-cohomologically smooth, see [FS24, Definition IV.1.11]. It

is of {-dimension 0 in the sense of [FS24] IV.1.17], since both Sh;g<> and the map
qigs are of /-dimension d.

23Note that Spd O — Spd kg is cohomologically smooth by [FS24] Corollary IV.2.34] which
implies after base changing via Spd kK — Spd kg that Spd Oy — Spd k is ¢-cohomologically smooth.
Since SpdE — Spd O} is open, it follows that SpdE — Spd k is ¢-cohomologically smooth.

2Since [Grg,,—1 /K] — [Grg 1 /G(Qp)] is cohomologically smooth, the argument in the
proof of [F'S24] Theorem IV.1.19] still holds when replacing G(Qp) by K,. This is also spelled out
in [Han21l Proposition 2.10].
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To conclude that the dualizing complex is constant, consider the Cartesian dia-
gram

Sh30/G(Qy)] —L [Grg -1 /G(Qy)]

(8.3.2) lg lg

lgsgr ———— Bung,, 1,

where we have relabeled the maps for simplicity. Now since the dualizing complex on
Bung is trivial by Theorem the dualizing complex on Igsy,» can be computed
as Rf !AE By cohomological smoothness of the map g, we have

J°Rf A~ Rg R A" (RG'A)™" ~ A[2d](d) ®" (R f*A)~"

~ A[2d)(d) ®" (f*Rg'A) " = A2d](d) @ (f*Al2d](d))~" =~ A[0)],
where for the first isomorphism, we used the natural isomorphism
Rg' ~§* &" Rg'A,

see [Schl7, Proposition 23.12.(i)]. The second isomorphism follows from Lemma
8.3.4/and the observation that the dualizing sheaf of [Sh;&g /G(Qp)] can be computed

as R(fo g)!A because the dualizing sheaf of Bung is trivial. The third isomorphism
uses the base change result from [Sch17, Proposition 23.12.(iii)] and the fact that g is
separated, representable in locally spatial diamonds and ¢-cohomologically smooth.
The fourth isomorphism follows from Lemma [8.3.3]

Now we get by adjunction a map

Rf'A — Rg.A.
Applying the truncation 7<¢ to both sides we obtain a map
(8.3.3) Rf'A = 7<oRf'A — 7<oRG. A = A[0].

Here the last isomorphism needs some explanation: the fiber of
[Grg -1 /G(Qp)] — Bung

over a point b € B(G) ~ |Bung| is the moduli space of modifications
Ey -+ &

that are bounded by p, for which the modified bundle & is geometrically-pointwise
trivial (although not trivialized). Hence it identifies with the b-admissible locus on
Grg -1, which is geometrically connected by [GL22a, Theorem 1.1].

One may check that the map in is an isomorphism by pulling back along
g, where it becomes

G RFA = G r<0RGA = <05 RGN = G*A[0].
But this composition is an isomorphism, and hence so is the first arrow. O

25The existence of the exceptional pullback is in [GHW22, Theorem 1.4]. Note that by the
Cartesian diagram (8.3.1]), the map f is “fine” in the sense of loc. cit..
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8.4. The cohomology of Shimura varieties. Let the notation be as in Section
above. In particular, £ is a fixed algebraic closure of IF,, and A is a noetherian
torsion Zg-algebra. We assume additionally that A contains a square root of p and
fix a choice of \/p € A. We write u for the Hodge cocharacter of the Shimura datum
(G, X), which we consider as a G(Q,)-conjugacy class of cocharacters using the place
v of E. The goal of this section is to prove Theorem which gives a formula for
the cohomology of Hodge type Shimura varieties in terms of the action of a Hecke
operator on the relative cohomology of the Igusa stack over Bung . Later in Section
[0, we will reinterpret this result using the spectral action. This formula allows us to
use techniques from [FS24] to study the cohomology of Shimura varieties. It thus
plays a central role in Sections [§] through

Recall from [FS24, Section IX.1] that we have the derived oo-category of
smooth representations of G(Q,) on A-modules D(G(Q,),A), which is equivalent

to Dét(Bung]’k,A) by [FS24] Theorem V.1.1]. We use this equivalence to give
D(G(Qp), A) the structure of a condensed oo-category. Following Section we
can therefore consider the category of Wg-equivariant objects D(G(Q,), A)PVE.

We let C be the completion of an algebraic closure of E with ring of integers O¢.
We also fix an identification of k with the residue field of O¢. Let E denote the
completion of the maximal unramified extension of E inside C', whose residue field
is also identified with k, inducing a map Spd E — Spd k.

8.4.1. Hecke operators. Let Div! be the v-sheaf [Spd Qp/d%], where ¢ is the absolute
Frobenius as before. It follows from the proof of [F'S24, Proposition VI.1.2] that for
S € Perf there is a functorial injection from Div!(S) into the set of closed Cartier
divisors of Xg. Consider the local Hecke stack
Hckg it — Div?
Divie,

as defined in [FS24), Definition VI.1.6]. It is the moduli space sending S — Div'
to a pair of G-bundles &1, & over the completion of Xg in the Cartier divisor Dg,
together with an isomorphism & — & away from Dg. We will omit the subscript
Xg, when the context is clear. We pull back along Divy, := [Spd E/¢%] — Div! and
consider the Schubert cell

Ju - HCkG,Dile,p, = HCkG’,DiV%,Sp, — HCkG,Divga

which sends an affinoid perfectoid S — Div}, to the groupoid of pairs of G-bundles
&1, & over the completion of (Xg)g at the given Cartier divisor, together with

a meromorphic isomorphism &7 --+ &3, with a pole at the given divisor that is
bounded by ,um

26Note that for us G is not necessarily split and p is a G@ -conjugacy class of homomorphisms
Gm — G@p, while in [FS24] Definition VI1.2.2] G is assumgd to be split and g is a dominant
cocharacter with respect to some Borel pair. To compare the definitions, we note that on the one
hand, the condition of being bounded by p can be checked geometric pointwise on test objects. On
the other hand, for any choice of a Borel pair T'C B C G’@p, there is a bijection between the set of

conjugacy classes of homomorphisms G,, — G@ and the set of dominant cocharacters X. (7).
P
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Applying [FS24, Definition VI.7.8] (the version for Div' instead of Div}) to S =
Divk, we get the Satake category Sat(’HckG’Div%E ,A). We follow the notation in
[FS24, Proposition VI.7.9] and consider the flat perverse sheaf

S = Im("HO (1 Ald)(5)) — PH (R, Ald](9))).

Here compared to the definition in loc. cit., we have included a Tate twist by %,
which makes sense using /p € A, to make S, Verdier self-dual.

Remark 8.4.2. In our case, the cocharacter p is minuscule and hence j, is a closed
embedding. It follows that j,1 = ju« = Rjus by [Schl?, Theorem 22.5]. On the

other hand, the sheaf juy*A[d](%) is perverse, since it is supported on 7-[ck:G7DiV11E <u

and jj, FusA[d](4) ~ Ald](2) is concentrated in degree —d. Therefore

Su = JutAld)(3) = G A[d](9).

8.4.3. It follows from the proof of [FS24] Proposition VI.1.2] that for S € Perf
there is a functorial injection from Divk(S) into the set of closed Cartier divisors of
Xs xq, B E We consider the global Hecke stack

Hekg <, — Div

that parametrizes two G-bundles &y, 81 on Xg together with a meromorphic map
Sol(xs)s —* G1lxg), at the given divisor, bounded by . This fits in a Hecke
correspondence (where hi; remembers &, while hg remembers £ and the Cartier
divisor)

(8.4.1) Bung da Hckg, <y, LEN Bung x Div,.

Recall from [FS24] beginning of Section I11.3] that [Grg -1 /¢%] — Div}, represents

the functor sending S — Div}; to the set of isomorphism classes of pairs consisting

of a G-bundle & on X and a modification &1|(x), --* 5’0|(XS)E bounded by p~!,

where & is the trivial bundle. This admits a map i1 : [Grg -1 /¢%] — Hekg,<p
sending the modification to its inverse (which makes it bounded by pu).

Lemma 8.4.4. There is a 2-commutative diagram

[Gre 1 /(67 % G(@y))] —2— Hekg <,

J{HQ J}Q
1 . j .
Bun[G] x Divl, ———— Bung x Divk

under which hi o1y is identified with the Beawville-Laszlo map.

Proof. This is a straightforward consequence of the moduli interpretations of the
involved objects. O

2TWe are not using the Fargues—Fontaine curve for the local field F here, but rather the base
change to E of the Fargues—Fontaine curve for Q,.
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8.4.5. There is a commutative diagram

q
Heka <y —> /HCkG,Div};,Su

NS

s o1
DIVE

where ¢ is the map that sends (&, &1, 0l (xg), ~—* €1l(xg),) tO its restriction to the
formal completion around the given divisor. We denote still by S, the pullback of

S, along ¢. If we pull back along Spd & — SpdF,, then we find Div}E’k ~ [Spd Ev/gog]

where ¢4 is now the g-Frobenius acting on Spd E =SpdE XspdF, Spd k via the first
factor, or equivalently, this is the partial Frobenius ¢” x 1 from Lemma [8.2.12] We
obtain the Hecke correspondence over Spd k (see [FS24], Section IX.2])

Bung & Hecka, <k h2—k> Bung p X Divbk.
Then the Hecke operator 7), is defined by the following formulaﬁ
(8.4.2) T, : D(Bungy, A) — D(Bung  x; Divp, A)
A Rhy e (B pA @K Su) 2 Rhog (b, Ald)(4)).

Let Wg be the Weil group of E. Recall from [FS24, Proposition IV.7.1] that
D(Bung X Div}g’k, A) contains D(Bung  x [Spdk/WEg], A) as a full subcategory.
According to [ES24, Corollary IX.2.3], the essential image of 7}, lands in this sub-
category. Working oo-categorically, one can identify

D(Bung . x [Spd k/Wg], A) ~ D(Bung x, A) Ve

as the Wg-equivariant objects of the condensed oco-category D(Bung i, A), where as
explained before, Wg is considered as a condensed group in the last expression.

8.4.6. We consider the following diagram.

(Gre1 /(6% x G(Qp)] —2 Bunl) x Div,

P
. . )
7 J:il “n
.
.

g .- h .
Hckg <, ————— Bung X Divk
/// J{hl
¢ .
J
Bung — Bung

Since the composition Ay o 71 lands in BunG#q, we write hy 011 = Juog. Using
smooth base change [Sch17, Proposition 23.16.(i)] along the open embedding i1, we

281n fact, it can already be defined before base change to k.
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compute for every A € D(Bung x, A) that
i T A = 05 Rha s (P, ALd) ()
=~ Rho ki (P71, Ald)(§)) = Rhag(gidh e A)d)(S)-
This motivates the following definition.
Definition 8.4.7. We define the functor
T D(Bung -1 4, A) = D(Bunlyl, xj Divk ., A) = D(G(Qy), A)PWE
A Rha (g7 Ald)())
so that T j . = 0] Ty

8.4.8. We introduce one more piece of notation. Applying the fiber functor F' of
[ES24] Definition/Proposition V1.7.10] to S,, over Hckg it > one gets an algebraic

A-representation V), of the Tannaka group é, together with a Wg-action on V,, for
which G — GL(V,) is Wg-equivariant. This corresponds to a Wg-equivariant alge-

braic representation of the dual group G under the isomorphism in [F'S24, Theorem
VI.11.1], which formally corresponds to an algebraic representation of the semi-direct
product “Gg := G x Wg. We denote this representation by Tt LG — GL(V,).

8.4.9. Recall that we have a morphism 7yr: Igs (G, X) — Bung 1. We define
the sheaf

F = RfHT’k’*A € D(Bunquq,k, A),

which carries a prime-to-p Hecke action. The following gives a formula for the
cohomology of the Shimura variety in terms of F. Note that we may consider
RT(Shg»r ¢, A) as an element of D(G(Q,), A)BWF using the natural action of G(Q,)
and of Galg, see Section [8.2.9]

Theorem 8.4.10. There is an isomorphism
RI(Shyr,c, A) = T (F[~d])(~4)

in D(G(Q,), \)PVE ~ D(Bung]k,A)BwE. The isomorphisms are moreover equi-
variant for the natural prime-to-p Hecke actions on both sides.

8.4.11. 'We have only constructed the Igusa stack for the good reduction locus of the
Shimura variety. Luckily this is sufficient for the purpose of computing cohomology
of Hodge type Shimura varieties, due to the following proposition. Write S, C Sk»
for the inclusion

Sh}Y C ShY,,.

We consider the natural Hecke and Gal(E/E) equivariant map RI'(Shgr o, A) —
RI(Skr.c, A) = RU(Sip o, A).

Proposition 8.4.12. The natural map RU'(Shkr c,A) — RI'(Sgp oy A) is an iso-
morphism.
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Proof. The argument in [CS24 Proposition 2.6.4] can be adapted to our situation,
for the convenience of the readers we give the details. It suffices to show that for all
compact open subgroups K, C G(Q,) the natural map

RF(ShK’C, A) — RF(S;(,Cv A)

is an isomorphism. Indeed, after taking the inverse limit, we then get an isomor-
phism

liy RT(Shy o, A) — lim RT(S ¢, A).
KP KP

Applying [Sta23, Tag 09YQ)] to the left hand side and [Sch17, Proposition 14.9] to
the right hand side, we can identify this with

RI(Shgr o, A) = RU(Skp ¢y A)-
and the proposition follows.

For K, C G(Qp) a compact open subgroup, we construct an ad hoc integral
model Zi over O for the Shimura variety Shg, by choosing a Hodge embedding
(G,X) = (Gy, Hy) and taking a relative normalization of the integral model of the
latter at a suitable level, see [Mad19l Introduction]|. Using Zarhin’s trick, the level
of the auxiliary Siegel Shimura variety can be chosen to be hyperspecial at p. Then
we can apply |[LS18b, Corollary 5.20], see [LS18al, Corollary 4.6] in the (Hdg) cas@
and obtain

RT(Shy, 5, A) ~ RI(F,. 5 , RUA),

K,E» A
where R¥ is the nearby cycle functor. On the other hand, since Si 5 is the adic
generic fiber of %%, by Lemma and its proof, the natural map

RU(Sk e, A) — RF(YKE], RYA),
is always an isomorphism by [Hub96, Theorem 3.5.13]. One concludes by invariance
of étale cohomology under extension of algebraically closed fields. O

Remark 8.4.13. It is not clear to us that RI'(Sk» c,A) can be computed as the
direct limit of RI'(Sk ¢, A), because the adic spaces Sk ¢ are not quasicompact.

Proof of Theorem [8.4.10 The last statement about prime-to-p Hecke action is clear
once we can prove the earlier statements. Using Lemma [8.4.4] and the Cartesian
diagram from (8.3.2), where we quotient the top row out by ¢” noting that ¢ acts

2INote that in [[S18al, [LSI8D, the case (Hdg) has the more restrictive assumption that the level
at p is exactly the pullback of a hyperspecial level subgroup of GSp(Q,), but this is not necessary.
This assumption was made due to reliance on the construction of toroidal compactifications of
Hodge type Shimura varieties in [Mad19], whose first version assumed this condition. However, in
the printed version of the cited reference, this assumption is removed. One can moreover check that
the qualitative description of good compactifications in [LS18bl Proposition 2.2] is satisfied by the
compactifications constructed in [Mad19], see [Mad19 Theorem 4.1.5, Theorem 5.2.11]. We thank
Kai-Wen Lan for explaining this to us.
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trivially on the bottom row by Proposition [5.2.175 and Proposition [2.1.10] we get the
following 2-commutative diagram (where we have relabeled the maps for simplicity).

Sier/(C(Qy) x 6)] " [Gxly 1 /(C(Qy) x )] 2 BunlY xs, Div

Js I
Igsg» (G, X) u Bung ,
Using the formula in Definition we compute
TH(F[=d])(—%) ~ Rha o giF = Rho g ugi Rk A = Rho Ry, (A,

where in the last step we use qcgs base change [Sch17, Proposition 17.6] along ﬁkm
We now observe that the composition hy o 7 is exactly the structure map

[Sicr /(G(Qp) x ¢7)] — [Div/G(Qy)].

This identifies B
R(hg o)A ~ RI(Sk», A)

as objects of D(Bung}yk, A)BWE | where we use Proposition [8.2.15(to identify the Weil
group actions. The desired statement now follows from Proposition [8.4.12} O

8.4.14. Let Ky be the image of K? in G(Qg) and let V' be a continuous represen-
tation of Ky on a finite free A-module (e.g. the base change to A of a Kj-stable
Zy-lattice in an algebraic representation of G(Qy) over Q). Then V' defines an au-
tomorphic local system V on the Shimura variety of level K? which in fact descends
to Igsgp . Defining Fy = R7pT «V, the proof of Theorem shows that there
is a G(Qp) x Wg-equivariant isomorphism

T,[LH]:V SN RF(ShKP,Cav)[d](%)'

8.5. Mantovan’s product formula. Our goal in this section is to prove a version
of Mantovan’s product formula for the cohomology of Hodge type Shimura varieties,
which we deduce from Theorem

We use the same notation as before. In particular, A is a Noetherian ¢-torsion
coefficient ring; Sy, is the good reduction locus of the Shimura variety with infinite
level at p, and F is the complex R7uT A on Bungy. For b € G(Qp), fix a left
invariant Haar measure on G(Qp) and write H(Gp) == C.(Gp(Q))) for the algebra
of compactly supported A-valued functions on G(Q,) (with multiplication given by
convolution). We define the local Shimura variety at infinite level attached to the
local Shimura datum (G, b, 1) as the fiber product

(0]
—_— r
MG,b,,u,oo G Gu-t

| [

Spdk RN Bung} .

30The map T is qcgs by [Schl7l, Proposition 10.11.(o)], using Corollary [6.4.2



94 PATRICK DANIELS, POL VAN HOFTEN, DONGRYUL KIM, AND MINGJIA ZHANG

The map Mg p 00 — Gr[Gb]u,1 is a Gj-torsor, and the action of G(Qp) on Gr[Gb]u,1

lifts to an action on Mg ;.00 Which commutes with the éb—action.

8.5.1. For any [b] € B(G,u~ 1), let ip: Bungk < Bung -1, be the inclusion of the
corresponding stratum and we write the restriction of Tyt to this stratum as 7.
Let C be as in Section @ Assume we are given a Spa C-point of Bung j cor-
responding to some [b], and a lift of it to a Spa C-point = of Grg ,-1. We choose
a representative b € [b] and consider as in Section the v-sheaf Igusa variety
Ig”v (G,X) — Spd F, equipped with commuting actions of Gy and G(A?); we write

Igl;’(‘; for its quotient by K?. We also consider the perfect Igusa variety Igh-, of level
KP from Section and recall that there is a natural open immersion
b, b,
Ing — Ig KVp
by Corollary

Lemma 8.5.2. The Gy, action on Igl}’{‘; restricts to a Gy action on Ig?’g,.

Proof. This is true for (G,X) = (Gy,Hy) by [CS17, Corollary 4.3.5]. Indeed, the
small diamond associated to the formal group Autg,, (Xb) is canonically isomorphic
to Gy as explained in the proof of [Zha23, Lemma 11.25]. The result follows for
general (G, X) of Hodge type since after choosing a lift of b to a map Spd F,, — Shtg, "
there is a natural closed immersion

Ig” (G, X) — Ig"(Gv, Hy) pert Tk, (G, X )P
E

Xf’Mp(Gv,HV),c kg >
see [HK19, Section 5.1, Lemma 5.1.1]. O

We moreover consider the perfectoid Igusa variety Igl}(pc given by the adic generic
fiber of the formal scheme W (Ig%,) Xgprw (k) SPf Oc, where W(Igh,) is the Witt
vector lift of the perfect scheme Igl}(pyc. Note that there is a natural isomorphism

1845 xspar SpAC = (Tgho )
and we will use Igl}ﬁ’c to denote the right hand side, which is different from the
base change of Igl}’(?, to Spd C.
Lemma 8.5.3. There is an inclusion
(1855 0/ Gh] = Tesid ¢
which induces an isomorphism between their canonical compactifications. In partic-
ular, we have isomorphisms in D(Gy(Qp), A)
iy F ~ Ry A ~ RT(Igh, o, A) ~ RT(Igh,, A).

Proof. The first claim follows from the identification of the fibers of the Hodge—Tate
period map, see the proof of Proposition The isomorphism iy F ~ R, A
follows from [Sch17, Proposition 17.6] and the fact that Tyt : Igsgr — Bung -1 is



IGUSA STACKS AND THE COHOMOLOGY OF SHIMURA VARIETIES 95

quasicompact; this can be tested v-locally, and Sg., — Grg = is indeed quasicom-

pact. Identification of the latter with the cohomology of Igl}(p@ uses the fact that
canonical compactifications do not change the cohomology, see [CS17, Lemma 4.4.2].
The last isomorphism follows from [CS17, Lemma 4.4.3]. O

Corollary 8.5.4. The sheaf F is universally locally acyclic with respect to
BuHG’“—ng — Spd k.

Proof. We first note that it suffices to check that j, ;1 F is ULA with respect to
Bung, — Spdk. By choosing a ¢-cohomologically smooth chart X — Bung
and restricting to Bung ,-1 1, it follows from [['S24, Definition IV.2.31] and [['S24,
Proposition 1V.2.13.(ii)] that ULA sheaves A € D(Bung,A) pull back to ULA
sheaves j; A € D(Bung -1, A). Hence if j,, 51 F is ULA, then so is F = j;, 1 jy k1 F -

By Lemma for each [b] € B(G), we can identify i;F with RT(Igl,, A) €
D(Gy(Qp), A) under the equivalence of categories

D(Bun,, A) = D(G(Q,), A).

According to [FS24], Proposition VIL.7.9], it suffices to show RI'(Ighp, A) is admis-
sible in the sense that for any pro-p open subgroup U, C Gy(Q,), the complex
RT(Igb,, M)V is a perfect complex of A-modules. But the latter identifies with
RT(1g%, /Uy, A), which is the cohomology of (the perfection of) a smooth k-scheme,
hence it is a perfect complex, see the proof of [Zha23l, Proposition 8.21]. O

Before stating the Mantovan product formula, we need the following computation
from [HI24], where we have identified D(Bun[Gb],k7 A) with D(G,(Qp), A) as in [FS24]
Theorem 1.5.1.(ii)].

Proposition 8.5.5 ([HI24, Proposition 3.15]). The dualizing complez on Bun[Gb]k is

isomorphic to 5;1[—2db], where &, is the character as in Definition 3.14 of loc. cit.
and dy == (2p, ).

To state the following result, we remark that the structure map p : Bungk —
Spdk is a fine map of decent Artin v-stacks in the sense of [GHW22| Definition

1.1, Definition 1.3], this can be deduced from [FS24] Example IV.1.9] and [FS24]
Proposition IV.1.22]. Therefore there is a well defined exceptional pushforward Rpi,
see [GHW22, Theorem 1.4].

Corollary 8.5.6. Under the identification D(Bungk,A) ~ D(Gy(Qp), A), there is
a natural isomorphism of functors from D(Gy(Qp),A) to D(A)
Rpi(=) = (= @ &[2ds)) @36, A,

where A is the trivial representation of Gy(Qp), considered as a H(Gy)-module via
1= Jg f(y)dy.

Proof. From Proposition [8.5.5| we see that if we write Rp in two steps

Bunl?, = [Spd k/Gy] 2 [Spd k/Gy(Q,)] 2 Spd,
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then the equivalence between D(Bungk, A) and D(Gp(Qy), A) is induced by o, a.
We have Ray(—) ~ (—) ®4 0p[2dp]. Indeed, one can check this by computing using
cohomological smoothness of « that

Homy (R A, B) ~ Homy (A, Ro' B)
~ Homy (A, B @, ;' [~2dy]) ~ Homp (A @4 8[2dy), B)

and applying Yoneda’s lemma. See the computation in [Kos21b, Lemma 7.4] and
[[124, Corollary 1.8.(1)] for the identification Ra'A =~ &, *[—2d,). While Rp is
taking group homology twisted by the module of Haar measures on Gy(Q,), as
explained in [HKW22| Example 4.2.4], cf. [Man04} 5.1.3]. Hence the desired formula
follows. 0

The following result, which first appeared in [Man04], [Man05] for PEL type
Shimura varieties, is often referred to as Mantovan’s product formula, cf. [Kos21bl,
Theorem 7.1], [HL23, Corollary 3.17]. Note that Mg ;00 admits structure maps
to both Spd k and Spd £ and therefore to Spd E' Xgpqr, Spd k. This structure map

admits a descent Mg p 00,6 — Divbk defined as the fiber product

Moo — [Grg -1 /9% — Divg

! !

Spd k - Bung ,,-1.

This equips the exceptional pushforward RI'.(Mg .00, 9) along the structure map
MG b p00 = Spd C with an action of G4(Qp) x G(Qp) x WE.

Theorem 8.5.7. There exists a filtration on RT'(Sh., 5, A) by complexes of smooth
representations of G(Qp) x Wg, labeled by B(G, ™), with graded pieces given by

T (Riif Fl—d)) (—2) ~ RT(I8", A)° @) RT(Mi 01 05) 20

Proof. By Proposition it suffices to consider the cohomology of g, . The
category D(Bung x, A) has a semi-orthogonal decomposition into D(Bun%, A)’s via
excision triangles [F'S24] 1.5.1]; it follows that F has a filtration whose graded pieces
are Ripiy F. Now Theorem tells that RI'(Sk, o, A) has a filtration with
graded pieces given by 77}, (Ripij [—d](—%)). Therefore it suffices to identify this
with the right hand side of the exhibited equation.
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But this follows from restricting the Cartesian diagram in Theorem [6.0.1] to the
Newton stratum labeled by [b]. More precisely, we have a diagram

q

/—\

(Gl L /G@) x ¢)| 2 [Grg 1 5/ (G(Qy) x ¢7)] — [Spd k/G(Qy)] xx Divhy
J{gb lg
Bungk “ Bung ;-1
?b]\ WHTT
Igs[b} Igs
Kp k g KP k

where both squares are Cartesian. It follows from proper base change, see [Sch17,
Proposition 22.8], along the top square that

9" (Riniy F) ~ Ragyiy F
and then from qcgs base change, see [Schl7, Proposition 17.6], along the bottom
square that furthermore
Rzgyiy F ~ Rzig; Ry, A.
If we combine this with the proof of Theorem [8:4.10] we find that
(T (Riniy F—=d)(=5) ~ Rqgy (RTpA).

Notice that the map ¢ factors as a composition

(Mappos/ (Go x G@))] = [Grg 1 5/ (G(Qy) x ™)

L5 [Spd k/(Gy x G(Qp))] Xspak Divi
P2, [Spd k/G(Q,)] Xspark Div .

Hence
Rq\gy (R \) =~ Rpa 1 Rqigy (RTp. )
~ Rps 1 Rq\q" pi(Rmp.A)
~ Rps, (p; RTp A @ RaiA),
where p; : [Spdk/(Gy x G(Qp))] Xspak Divg — [Spdk/Gy] xspak Divl is the

natural projection, and the last isomorphism uses the projection formula, see [Sch17,
Proposition 22.23]. Now we note that

Ry =~ RT(Ighes o, M),
RFC(MG,b,,u,om A) = qul
Rpai(—) =~ (— @4 6[2ds]) @y, M
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Here the first isomorphism uses Lemma [8.5.3] and the last isomorphism uses Corol-
lary B:5.6] Also, by projection formula

RgiA @ 0 =~ Rayq" 6y =: RT (M b p,00, 0b)-

Now combine these with [Man04, Proposition 5.12] to conclude the desired formula.
O

8.5.8. In this section we compare our definition of RT'.(Mgp 00,0, A) With a po-
tentially different definition in the literature, see e.g. [HL23| discussion before The-
orem 1.13] or [Ham23, page 90]. We consider the structure map a: Mg u00,c —
SpdC. Fix a compact open subgroup K C G(Qp) and consider the quotient
Mapukc = Mapucoc/K, which is the local Shimura variety of level K as-
sociated to (G, b, u); this is a smooth rigid space over Spa C, see [SW20l Section
24.1].

Let us use RI'. to denote the shriek pushforward along the structure map to
Spd C. By definition, see [Sch17, Definition 22.13], we have

RL(Mappr.c,A) =lim RL(U, Aly),
U

where U C Mg, k,c Tanges over quasicompact opens (cf. the discussion before
[FS24] Theorem IX.3.1]). Moreover, on [Ham23, page 90], Hamann considers the
complex

RIc(G, b, p) := lim RT (M@, 5,05 Su),
K
where S, is the perverse sheaf in Section

Proposition 8.5.9. There is a natural isomorphism
RFC(G7 b, M) l> RFC<MG,b,u,oo,C7 Sp)

Proof. For a compact open subgroup K C G(Q,) and a quasicompact open
U C Mgpux we consider its inverse image Uy, C Mgy oo (Which is again a
quasicompact open) with projection map ayeo: Uss — U. Choose a decreasing
sequence {K;}ier of compact open subgroups of K with N, K; = 0, and consider
ap,i: Ui :==Usx/K;i = U and by;: Uss — Uj.

Note that ay i, by,i, av,o are all pro-finite étale, hence proper and of zero dim.trg..
Thus the natural maps S, — Rby; S, = Rby;S, induce a map

hﬂRaUﬂ"!Sﬂ — RaU,oo,!Su-
i
It follows from [Schi7, Proposition 14.9] (or rather its relative version used in the
proof of [Sch17, Proposition 20.7]) that this an isomorphism. Applying the (derived)

shriek pushforward along U — Spd C, and using that it commutes with all colimits,
[Sch17, Proposition 22.20], we get an isomorphism

lim BT (U, S) = RTe(Uso, Sp).

We now take the directed limit as U increases to obtain the desired isomorphism. [J
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8.6. Perversity. We continue using the notation in Section [8.3] In this section we
prove Theorem [V] which is a perversity result for the relative cohomology of the
Igusa stack over Bung ,-1 ;. This will be a key input to our study of the generic
part of torsion cohomology of compact Hodge type Shimura varieties in Section [I0]
We make the following assumption for the remainder of Section

Assumption 8.6.1. The map Shx — Spec E is proper.

Under this assumption, the good reduction locus agrees with the whole Shimura
variety, see [IM20, Example 5.20]. Therefore the Cartesian diagram in Theorem
becomes (after base change to k)

O THT .
Sth,E - GrGau_l7E

lql gs lBL

Igst’k ﬂ BunG’lrl’k.
Let us write F = Rrur A = R7pr,A as before.
Proposition 8.6.2. If Shy is proper over Spec E and Conjecture[].1.5 holds, then
i;F € D% (Bunl,, A).

Proof. Using Lemma it suffices to show that RF(Igl}(p, A) is concentrated in
degrees < dj.

If Conjecture holds, we deduce from Lemma that central leaves in the
Newton stratum associated to b are smooth of dimension dp. It follows from forth-
coming work of Mao, see [Mao024], that they are moreover affine (using the proper-
ness of Yk, which follows from the properness of Shi by a theorem of Madapusi
[Mad19, Corollary 4.1.7]).

Thus the Igusa variety is a pro-finite étale cover of the perfection of an affine k-
scheme that is smooth of dimension d, see[d.3.5 Since the étale site is invariant under
perfection, the Igusa variety is also the perfection of an inverse limit of smooth dj-
dimensional k-schemes, with finite étale transition maps. Using [Sta23l Tag 09YQ),
cohomology of the Igusa variety is a colimit of that of those smooth k-schemes in
the inverse system. Hence the cohomological dimension bound follows from Artin
vanishing, see [AGVT1), Corollaire 3.5, Partieme XIV, Tome 3]. d

The main result of this section is the following. We recall that Conjecture
holds if p is coprime to 2 - w1 (G") and G splits over a tamely ramified extension.

Theorem 8.6.3. If Shy is proper over Spec E and Conjecture holds, then F
1s perverse for the perverse t-structure on D(BunG#q’k, A).

Proof. Since Tyt is proper we have RTpr A = RTuT«A. Let us write Dx for the
Verdier duality functor with respect to X — Spd k. Then it follows from relative
Verdier duality, see [Sch17, Proposition 23.3.(i)], we have

DBunG#,l’kF = DBunG’u,Lklgﬂ'HT,!A = RﬁHT,*DIgst’kA ~ F.
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Here the last isomorphism follows from Theorem[8.3.1] Recall from Proposition[8.6.2]
that iy F € ngb(Bun[gk,A) for [b] € B(G,u~!). On the other hand, again by
relative Verdier duality for i;, see [Schl7, Proposition 22.3.(ii)], we have

RiyF ~ RiDpun,, ., F =Dy 0 i F € D% (Bunl,, A)

as the dualizing sheaf on Bun[g’ ;. is concentrated in degree 2dy, see Proposition|8.5.5

9. THE EICHLER—SHIMURA RELATION

In this section, we study the complex F := Rt A using the spectral action of
[FS24]. This gives refined information about the cohomology of Shimura varieties as
representations of the Weil group. In particular, we prove Theorem [[TI|and Theorem

NI}

9.0.1. As before, we fix a Hodge-type Shimura datum (G, X), with Hodge cochar-
acter u, and reflex field E; we let E' be the completion of E at a place v | p and
kg =y be the residue field of E. For a fixed compact open subgroup K? C G(Aﬁi)
and varying K, C G(Q,), we set K to be K,K? and write Shx := Shg(G, X) for
the base change of the corresponding Shimura variety to E. Fix a prime ¢ # p
and let A be a Noetherian torsion Zy-algebra containing a fixed square root of p.
Let C' be a complete algebraically closed extension of E with residue field k. The
étale cohomology RI'(Shg c,A) is equipped with commuting action of the (local)
Hecke algebra Hp, at level K, and the absolute Galois group Gal(E/E). We will
be interested in the restriction of the Galois action to the Weil group Wg.

Let G be a dual group of G over A, equipped with an action of the absolute
Galois group of @, and therefore one of the Weil group Wg,. One can then define
the L-group “G as the semi-direct product G % W, see [BG14, Section 2.1]. We
consider the A-representation V), of G as in Subsection It extends uniquely to
a representation 7, of LG = G x W as in Section

9.1. Spectral action. We denote by X the stack of L-parameters over A as in
[DHKM20], [Zhu20], and [FS24]. This is the stack quotient of the moduli space
ZH(Wy,, @) A of condensed 1-cocycles (in A-algebras) by the conjugation action of
G. Let Perf (X 6) be the co-category of perfect complexes on Xz, see [FS24, Sec-

tion VIII.1]. We have the following main theorem of loc. cit., which is the combina-
tion of [FS24, Theorem X.0.2] and [FS24] Theorem IX.0.1].

Theorem 9.1.1 ([FS24, Theorem X.0.2, Theorem V.4.1]). If £ is coprime to the
order of mo(Z(G)), then there exists a natural A-linear action of Perf(Xg) on
D(Bung i, A), preserving the compact objects.

Concretely, this means that for every object W of Perf(X 5) there is a A-linear
functor Ty : D(Bung k, A) — D(Bung , A) preserving the compact objects, which
we write as A — W x A. For every morphism W — W’ in Perf(Xy) there is
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a natural transformation of functors Ty — 17, and there are specified coherence
data for compositions and commutative diagrams of morphisms. The following is
our primary example.

Example 9.1.2. Let 7 : G — GL(V) be an algebraic representation of G. The triv-
ial bundle O, (Wop.0) @2V on Z I(Wva (), equipped with the descent datum given
by r, descends to a vector bundle V on X & Suppose r extends to a representation

7:lGp =G xWg— GL(V)

for some finite extension E/Q,. Then V acquires a Wg-action descending that

on Ozl (Wo,,G) ®@a V through 7 o ¢unv lwy, where »"V denotes the universal 1-
p?

cocycle. By construction, the spectral action of V on D(Bung j, A) is naturally (in
V') identified with the Hecke operator Ty defined in [FS24] First page of Chapter
IX, Theorem IX.0.1}, i.e., V% (=) = Ty. When V =V}, then we recover the Hecke

operator T}, of (8.4.1).

Remark 9.1.3. For any A € D(Bung,A), the object Ty, A inherits an action of
End Xa(V), and in particular an action of the Weil group Wg. We will refer to this
Wg-action on Ty A as the spectral Wg-action. Recall that, by definition, the Hecke
operators naturally carry Weil group actions, coming from the structure map of the
Hecke stack to Div see or more generally [FS24, Corollary IX.2.3]. These
two Weil group actions are compatible, as can be seen by unraveling the definitions.

We apply the above example to the representation r, and write V), for the corre-
sponding vector bundle on X 5. This allows us to rephrase Theorem in terms
of the spectral action. As before, we write F for Rmyr A and d for the dimension
of the Shimura variety. To state it, need to introduce some notation.

Following [FS24], Definition IX.0.2], we let Z°P°°(G, A) be the spectral Bernstein
center, which is the ring I'(Xg, O) of global functions on Xg, and let Z(G(Qy), A)
be the Bernstein center of the (abelian) category of smooth G(Q,)-representations
on A-modules. If ¢ is coprime to the order of mo(Z(QG)), then by [FS24, Corollary
IX.0.3], there is a morphism U¢ : Z°°°(G, A) = Z(G(Qp), A). The Fargues—Scholze
L-parameter ¢, is given by (the semisimple L-parameter corresponding to under
[FS24] Proposition VIII.3.2] to) the morphism x o W¢. Let us write mg Endxa(VM)
for the endomorphisms ring of 1, considered as a vector bundle on X & (as opposed
to a perfect complex).

Theorem 9.1.4. If { is coprime to the order of mo(Z(G)), then one has
RT(Shye, 7, A) = i (Vi * Gpupr Fl=d) (- 9))

in D(G(Q,), \)BWVE ~ D(Bunak,A)BWE. In particular, for all compact open sub-
groups K C G(Ay), there are maps of A-algebras

70 EHan(Vu) — EndD(G(Qp),A)(RF(Sth,Ea A)) — EndD(A)(RF(ShKE, A))
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Moreover, the spectral and the usual Wg-action on RI'(Shy ,A) agree. Further-
more, the action of ZP*°(G,A) C m Endxa(Vu) on RI'(Sh,, z,A) factors through
the natural action of Z(G(Qyp),A) via ¥¢.

Proof. The first part and the compatibility of spectral and usual Weil group actions
follow from Example [0.1.2] and Theorem [8:4.10] taking into account Definition [8.4.7]
and Section [8:4.6] The first map in the penultimate line exists by Remark [0.1.3] and
the second map is induced by the functor

RI(K,, ) = RHom(c-Indg, " A, —) : D(G(Q,), A) — D(A).
O

By passing to the inverse limit, we get a similar statement for integral coefficients.
More precisely, we have the following corollary:

Corollary 9.1.5. Let ¢ be coprime to the order of mo(Z(G)), and A be the ring
of integers in a finite extension of Qp, containing a fixed square root of p. Then
0 Enan(V#) acts on RT(ShKE,A) for all compact open subgroups K C G(Ay).
Moreover, the spectral and the usual Wg-action agree. Furthermore, the action of
ZPeC(GLN) C o Enan(V#) on RT'(Shy, 5, A) factors through the natural action of

Z(G(Qp),A) via ¥g.

Proof. Applying Theorem to A/¢"A for all n and taking the inverse limit gives
an action of the f-adic completion of g Enan(Vu) on RI'(Shy 7, A) (which is (-
adically complete). This receives a natural map from mp End Xa(V“)’ giving us the
desired action. The rest of the corollary now follows from Theorem O

Remark 9.1.6. The natural map from End XE(V“) to its f-adic completion is in-
jective by [DHKM20L, Theorem 1.6].

9.2. Proof of Theorem [[I. We use the same notation as in Subsection [9.0.1
except that in the rest of this section we take A to be the ring of integers in a finite
extension of Qp, containing a fized square root of p. We will now prove Theorem
whose statement and proof are inspired by [Kos21a, Theorem 1.3]. Let us first
recall its content: For a compact open subgroup K, C G(Qp), we write Hf, =
A[G(Qp) / K] for the Hecke algebra of level K, with coefficients in A and Zf, for its
center. Recall moreover that Hf, has a natural (right) action on RI'(Sh KB A). Let

L € {Fy,Qy}, let x : Zk, — L be a character, and consider the Wg-representation
Wi(x) := H(Shy 5, A) ®zy,x L for some i.

Theorem 9.2.1 (Theorem [[l). If ¢ is coprime to the order of mo(Z(G)), then each
irreducible L-linear Wg representation occurring as a subquotient of W'(x) also
occurs as a subquotient of v, 0 ¢y |wy.

Lemma 9.2.2. Let L € {Fy,Q,} and let o1,--- ,0, finite dimensional irreducible
representations of Wg over L which are pairwise non-isomorphic. Then the action
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map

L[WE] — H EndL g;
=1

18 surjective.

Proof. This follows from Jacobson’s density theorem, [EGH™ 11, Theorem 3.2.2.(ii)].
]

Proof of Theorem [9.2.1, We follow [Kos2lal, Section 5]. Let o1,---,0,—1 be the
pairwise non-isomorphic irreducible L-linear Wg-subquotients of 7, o ¢X|WE' Sup-
pose that there is an irreducible L-linear Wg-representation o, occuring in W¢(x)
which is not isomorphic to any of the representations o1, -+ ,0,-1. Then by Lemma
there is an element e € L[Wg| which acts by zero on o1, ,0,-1 and as the
identity on o,,. By assumption, every power of the element e acts nontrivially on
W(x), and from this we will derive a contradiction.

By construction and Corollary we have the following commutative diagram

29(G, A) —————— m Endx_(V,)
L el

Z(G(Qp), A) — o Endpa) (RI‘(SthE,A))

Zx, —— moEndpy (RF(ShKE,A))

P

X

L Endr(Wi(x)).

By the assumption that the order of my(Z(G)) is coprime to ¢, the formation of
2Z%P¢(@G, —) commutes with base change, see [FS24, Theorem VIII.0.2]. Therefore
there is an induced commutative diagram

Z5PeC (@, L) —— g EnanL(Vu,L)

L

———— Endz(Wi(x)).

Let us write Xz for the fiber over the closed point corresponding to y under

X@,L — Spec ZSpéC(G, L), and V, , for the restriction of V,, 1, to that closed substack.
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Then there is moreover a commutative diagram

ZspeC(G7L) — T EnanX(VMX)

| |

L ————— Endi.(W¥(x)).

Note that Wg acts on V,, , and W(x)-compatibly, see Corollary [9.1.5 The element
e defines an endomorphism of V,,, (just take the L-linear extension of the action
of Wg). We want to show that this endomorphism is nilpotent, which would imply
that the endomorphism e of W(x) is nilpotent, thus leading to a contradiction.

Let us write Zl(WQw@)X for the inverse image of Xax in ZI(WQP7CA¥)L under
the natural map. It suffices to show that the endomorphisﬁ of e on the pullback of
Vyx to Zl(W@p,CA?)X is zero. Let i : Zl(WQp,CA});ed C Zl(W@p,é)X be the reduced
closed subscheme and let N be the rank of V,.

Claim 9.2.3. The endomorphism eV of i*Vy,x 18 zero.

Proof. Tt suffices to do this after pulling back to L-points of Z 1(I/VQP, @);fd. These
L-points correspond to L-parameters ¢ : Wg, — LG(L) with semisimplification
(conjugate to) ¢y, see [F524] Proposition VIII.3.2]. For such ¢, the action of e on r,,0
¢ is nilpotent (since it is zero on the semisimplification because the semisimplification
is conjugate to 1, 0 ¢y ). We conclude that eV acts as zero on r, 0 @, in other words,

on the pullback of V. via Spec L — Z*(Wg,, é);ed~ O

N

We conclude that the endomorphism e is in the kernel of

End(Z'(Wg,, @)y, Vuy) = End(Z'(Wg,, G)2 i Viuy).-

But this kernel is generated by the kernel J of
[(Z'(Wg,,G)y, O) = T(Z' (Wg,,G)'4, 0),

which is nilpotent. We conclude that the endomorphism e is nilpotent (it corre-

sponds to a matrix which is the zero matrix modulo J, and thus a power of it is zero).
This implies that the endomorphism e of W*() is nilpotent, which contradicts our
assumption on the existence of ¢,,, proving the theorem. [l

9.3. The Cayley—Hamilton theorem. As above, we let A be the ring of integers
in a finite extension of Qy, containing a fixed square root of p, and we let X & be the
stack of L-parameters over A. To lighten notation, we write Z5P¢ := ZP¢(G A)
for the spectral Bernstein center. We will use the following version of the Cayley—
Hamilton theorem for vector bundles on Xz, cf. [XZ19, Proposition 6.3.1].

Theorem 9.3.1 (Cayley-Hamilton). Let V be a vector bundle on Xg. For any
endomorphism ~ € onnan(V), there is a Z°P°°-linear homomorphism

2P X/ det(X — ) — ﬁoEnan(V), X — .
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We let V' be a representation of G as in Example with corresponding repre-
sentation ry : “Gg — GL(V), and assume V is of rank n over A. Let v € Wg and
let ¥ be the universal 1-cocycle on Z 1(WQp7 CA}) restricted to Wg C Wg,. Then
rv o ¢V (7y) defines an element in 7y(End Xa(V)).

We will compute the coefficients of its characteristic polynomial in terms of ex-
cursion operators, see [FS24l Definition VIII.4.2] and the paragraph below. Apply
the construction of loc. cit. to the excursion datum

Dy, =({0,1}L,Va@V*a:1 =5 VeV 3: VeV 51, {y,0} C Wg);

it gives rise to an excursion operator (here we use the Dy formalism of [FS24]
Section VIL6] so that we can construct a global function on X5 instead of its £-adic
completion)

T. (7,0) Ts .
S{/y,y T = TV®V* — TV®V* — Ty = ldDhs(BunG,k,A)‘

This lifts to a global function on X & whose value at an L-parameter ¢ computes
the trace of ry o ¢(y) on V. We view it as an element in Z°P°¢ and still denote it by
Sy, Similarly, replacing V' by its wedge powers AV, i=1,...,n, we get excursion
operators Syiy,, whose attached functions take value at ¢ the trace of A'(ry o ¢(7))
on A"V. We use this to define a spectral Hecke polynomial associated to +.

Definition 9.3.2. For v € Wg we define HZP,?‘ZW(X) to be the polynomial

n
HEy (X)) = det(X —ry 0 o5V (7)) = Y (=1)'Spn-iy, X' € ZP°[X].
=0
The following result (cf. [Kos21a, Proposition 2.1]) is immediate from Definition

[0.39 and Theorem 0.3.11

Corollary 9.3.3. There is a Z°¢“-algebra homomorphism
ZP[X]/(He Y., (X)) — mo(End xz(V)), Xeryo AUV ().

9.3.4. Let Z(G(Qp),A) be the Bernstein center of smooth G(Q,)-representations
on A-modules and ¥¢ : ZP°(G,A) — Z(G(Qp), A) be the map of Bernstein centers
as before (assuming ¢ coprime to the order of my(Z(G))). For v € Wg, we write
Hg v (X) € 2(G(Qp), A)[X] for the image of HZy;, (X) under Wg. Now apply this
to the representation r, and combine with Corollary to obtain the following
result. Recall that Z(G(Q,), A) acts on the (derived) Kp-fixed points of any G(Qp)-
representation.

Corollary 9.3.5. If ¢ is coprime to the order of mo(Z(Q)), then for every compact
open subgroup K, C G(Qp) and v € Wg the endomorphism Hg v, ~(7) acts as zero
on RI'(Sh %, A)(%)

Proof. This follows from Corollary in combination with Corollary ]
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9.4. Hecke polynomials. This is a standalone section on Hecke polynomials,
which we will use to prove Theorem [Tl The goal of this section is to compute
the spectral Hecke polynomial of a lift of Frobenius, after restriction to the stack of
unramified L-parameters. We thank Jean-Francois Dat for his helpful suggestions
regarding this section.

Let G be an unramified reductive group over Qpﬂ Let S C G be a maximal Q,-
split torus with centralizer T', a maximal torus of GG, and choose a Borel B D T'. The
torus S determines an Iwahori subgroup I C G(Q,) and we choose a hyperspecial
subgroup K, D I. Let A be the ring of integers in a finite extension of Q, and fix
/P € A as before. Throughout Section we make the following assumption.

Assumption 9.4.1. The prime number ¢ is coprime to the order of 7y(Z(G)).

Since the action of Wy, on G factors through Wq,/Ig,, where Ig, is the inertia
group, there is an inflation map (of A-schemes)

Z'(Wa, /I, G) = Z'(Wy,, G).
This map is a closed immersion and we will denote its image by Z&r(WQp,CA}) C

Z'(Wy,, G). We will write Ze¢(G,A) for the ring of global functions of
Ze.(Wa,, G) /) G, which receives a natural restriction map from Z5¢¢(G, A).

Lemma 9.4.2. The map Z°°°°(G,A) — ZP°(G, A) is surjective.
Proof. The inflation map Z'(Wg,/Iqg,, G) = Z 1(W@p,é) has a section given by

choosing a Frobenius element in Wg,. This shows that the restriction map
O(Z'(Wy,, G)) = O(Zy(Wg,, G))

has a section, and thus the induced map

~

O(Z (Wy,, G))C = 0(ZL,(Wy,, G))C
is surjective. O

9.4.3. Let I C K, denote the Iwahori subgroup corresponding to S and consider
the representation

V = ¢Ind¥ @A,

and let H; == H;(G,A) = Endg(g,)(V) be the Iwahori-Hecke algebra with coeffi-
cients in A, with center Z1 := Z(G(Qyp), A).

Lemma 9.4.4. There ezists a map ZX°(G,A) — Hy fitting into a commutative
diagram

Z5Pee(@, A) —S Z(G(Qy), A)

| |

Z8Pec (G A) ——— M.

31See Remark [9.4.9| for a discussion of this hypothesis.
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Proof. The right vertical map has image in Z; so it suffices to prove the lemma
with H; replaced by Z;. If we translate this into a diagram of schemes, then we are
trying to show that the map

Spec Zr — Spec Z(G(Qp), A) — Spec O (Zl(WQp, G) @)

factors  through  the  closed subschem Z&r(WQP,@) /) G C
SpecO(Zl(WQp,@)//CA}), see Lemma (9.4.2, It follows from [Bou2ll, Theo-

rem 6.4.1] that the scheme Spec Z; is integral and A-flat. We may thus check
the factorization after base change to A[l1/¢] and we may moreover check it on
Qy-points.

On the level of Q,-points, we are trying to prove that Iwahori spherical G(Q,)-
representations have unramified Fargues—Scholze parameters. This follows for ex-
ample from the fact that they are quotients of parabolic inductions of unramified
characters of T'(Q)), in combination with the fact that the construction of Fargues—
Scholze parameters is compatible with parabolic induction, see [FS24, Corollary
IX.7.3] and [ES24, Proposition IX.6.5]. O

9.4.5. We write Wy for the relative Weyl group of S, which acts on S and T. We
write N for the normalizer of T in G and Ny for the inverse image of Wy in V. Then
there are natural maps

S )Wy« T ) Ady Ny — G ) Ad, G
We have the following lemma.
Lemma 9.4.6. The natural maps T J Ady Ny — §// Wo is an isomorphism.

Proof. It can be checked directly using cocharacter groups that the natural map
T J Ad, T — T, is an isomorphism, and T, ~ S since X,(S) = X,(T)?. It follows
that the map of the lemma is an isomorphism. ]

Remark 9.4.7. We expect that the natural map T / Ady Ng — G / Ad, G is
also an isomorphism. This is true over Q; by [Bor79, Lemma 6.4, 6.5] (cf. [Zhu20),
Conjecture 4.3.1]).

We will write Ogpec @ Zi2°°(G,A) = (9(@ / Ad, @) N @(§// Wo) = O(g)Wo' By
[Bou21l Theorem 6.4.1, Theorem 6.5.1], there is a canonical isomorphism

OBem : O(S | Wo) & Z1(G(Q,), A)

coming from the Bernstein presentation of H;. We now want to understand how
the map W : Z50e¢(G, A) — Z;(G(Q,), A) constructed in the proof of Lemma
interacts with these isomorphisms.

32We note that Zl(WQ207 @) / G is an infinite disjoint union of affine schemes and it is therefore
not isomorphic to the spectrum of its ring of global functions.
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Proposition 9.4.8. The following diagram commutes

O(8)"o
@Spec ﬁn
spec / ‘1/?
Zur (G, A) Z[(G(Qp)7 A)

Proof. To prove the proposition we may invert ¢ and work with Q, coefficients, we
may then moreover prove the result (considered as a statement about morphisms of
schemes) on the level of Q,-points since our rings are reduced. We are then trying
to show that the Fargues—Scholze L-parameters of Iwahori—spherical smooth irre-
ducible representations 7 of G(Q,) over Q, can be computed by thinking of 7 as
a character of Z;(G(Qy), A), applying the Bernstein isomorphism and pulling back
along Ogpec. Both these methods of building L-parameters are compatible with par-
abolic induction, see [FS24, Corollary 1X.7.3] for the Fargues—Scholze L-parameters
and the discussion before [Hailbl Lemma 6.3] for the L-parameters constructed in
the second way. This reduces the proposition to the case of tori, which is [FS24]
Proposition IX.6.5]. O

Remark 9.4.9. We expect that the results proved in this section generalize to
tamely ramified quasi-split groups G over QQ,, now taking K, to be a very special
parahoric. For non quasi-split groups the statements of the result will have to be
modified and a precise formulation probably involves the transfer homomorphisms
of [Hailbl, Section 12].

9.4.10. The Eichler-Shimura relation. We now prove Theorem [II} we first recall
its statement. Let S C T' C B, I C K, and Z; = Z;(G(Qp),A) be as above.
For K? C G(AIJZ) a neat compact open subgroup we set K’ = I'KP. Also ¢ is the
cardinality of the residue field of F as before. Choose any Frobenius lift op € Wg.
We denote by H,, the re-normalized Hecke polynomial

det (X =% (10 98 (00)) ) € O Mx],

which we think of as a polynomial in Z7[X] using the Bernstein isomorphism. Our
definition of H,, agrees with the one from [Lee21], Section 2.1.2]@ or [Kos21al, Intro-
duction]| and hence differs from the one in [BR94] up to a sign, see [Lee21l, Remark
2.1.3]. Let Shy, g be the base change of the Shimura variety Shg to E, whose
cohomology has an action of Z 1 X Wg.

Theorem 9.4.11. If the order of mo(Z(G)) is coprime to {, then the inertia group
Ig C WE acts unipotently on H'(Sh,, 5, A) for all i. Moreover, the action of any
Frobenius lift op € Wi on RI'(Shy, 1, A) satisfies H,(og) = 0.

Proof. Lemma implies that for any algebraically closed field L/A and any
smooth L-representation of G(Q,) with nonzero Iwahori fixed vectors, its attached

33Note that in [Lee21] the symbol d is used for the half integer 4.
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Fargues—Scholze (semisimplified) L-parameter is unramified. This in particular
shows that the characteristic polynomial Hép, e‘}iﬁ(X ) for any v € Ig maps to
(X —id)rankre in Z;[X]. Hence v acts unipotently on Hi(ShK,f, A) for all s.

If we identify the center of the Iwahori-Hecke algebra Z; := Z;(G(Q,),A) with
(’)(§ YWo as above, then it follows from Proposition and Lemma that we

may identify the image of H, gp{;z o (X) in Zr[X] with the polynomial
det(X — 7, 0 ¢ (o)) € O(S)"0[X].

Here we are taking the representation r, : GxWg — GL(V,) of Section
restricting it to S x Wg and evaluating the universal L-parameter over Zy.(Wa,, S)
at op. By Corollary the value of this polynomial at o acts trivially on (via
the natural right action of Zr)

RI(Shye, 5, A)(—4).

Twisting by % (using our fixed \/p € A), we find that the re-normalized Hecke
polynomial

H, = det (X - q% (r 0 QWY (g ))) e O(S)Mo[X]
H Iz E E
evaluated at op, acts trivially on RI'(Shy, , A). O

10. GENERIC PART OF THE COHOMOLOGY

In this section we use Theorem to prove Theorem [VI which is a vanishing
result for the generic part of the cohomology of (compact) Shimura varieties with
torsion coefficients. We proceed following the ideas of [CS17], [CS24], [Kos21al,
[San23|, and more closely [HL23|]. Throughout this section, we fix a prime ¢ # p
and take A to be Fy, a fixed algebraic closure of F,. We also fix a choice VD € F,

and follow Section [8] for all unspecified notation. We further assume that ¢ coprime
to the order of 7y(Z(Q)).

10.1. t-exactness of Hecke operators.

10.1.1.  Let Wg, be the Weil group of Q, and L@ be the L-group of G as before.
Consider a semisimple L-parameter ¢ : Wg, — LG(Fy). Under our assumption that
¢ is coprime to the order of my(Z (G))ﬁ we have a full subcategory

(10.1.1) D(Bung,k,?g)(ﬁ C D(Bungyk,?g),

see [HL23, Definition 4.1]. Recall moreover that the inclusion has a left
adjoint, denoted by L4 : A — Ag.

If G splits over an unramified extension, then we have a notion of unramified
semisimple L-parameters, see [Zhu20, page 37]. For a fixed hyperspecial subgroup

34The cited result is stated under the assumption that the prime ¢ is very good with respect to G ,
because the existence of the spectral action (see Theorem was stated under that assumption
in a previous version of [FS24]. The proofs in [HL23l Appendix A] go through under our weaker
assumption.
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K, C G(Qp), the classical Satake isomorphism gives a bijection between conjugacy
classes of unramified semisimple L-parameters ¢ and maximal ideals m of the spher-
ical Hecke algebra Hf,, see [Zhu20, Section 4.3]. The following lemma is [HL23,
Lemma 4.2].

Lemma 10.1.2. Given A € D(G(Qy),Fy) ~ D(Bung]k,m) C D(Bungg, Fy), we
have that Ay € D(Bung]’k,m)(ﬁ, see [HL23, Proposition A.2]. Moreover, there is a
natural isomorphism
RI(Kp, A)m = RT'(K)p, Ag),
where we recall that Hyc, has a natural right action on RT'(K,, A).
10.1.3. By [HL23, Lemma 4.2.(2)], the Hecke operator T}, defined in Section
restricts to a functor
TM : D(BunGk,F[)(z, — D(Bungﬁ,Fg)fWE.
We consider the following assumption on the semisimple L-parameter ¢.
Assumption 10.1.4. The functor
iT,kTM: D(Bung,k,ﬁg)gLA — D(Bung,k,Fg)wa — D(Bun[Gl!k,Fg)fWE
is t-exact with respect to the perverse t-structures from Proposition [8.1.5

Assumption is known in some cases by work of Hamann-Lee, see [HL23|
Corollary 4.24]. It is conjectured to hold even before restriction to ULA sheaves
when ¢ is of weakly Langlands—Shahidi type, see [HL23, Conjecture 6.4]. We will
prove this more general conjecture in a special case, see Proposition below.

10.1.5. Torsion wvanishing. Let the notation be as in Section We will con-
sider RT'(Shgkr ¢, Fy) with its Hecke action as an object in D(Buncl;]k,Fg). Thus by
Lemma [10.1.2| we can apply the functor L4 to it, for any semisimple L-parameter
¢

Recall that we have the sheaf F := Ryt F¢ € D(Bung x, F¢). We can now prove
the main result of this section, which directly implies Theorem [V

Theorem 10.1.6. Assume that Shi — Spec E is proper and that Conjecture [{.1.]
holds. If Assumption[10.1.7] holds for ¢, then there is an isomorphism

RT(Shgr o, Fp)y ~ HY(Shgs o, Fe)g[—d],
in D(G(Qp),Fy). If £ is moreover coprime to the pro-order of K,, then

H'(Shg c,Fr)m = 0 unless i = d.
Proof. We are going to show that
TN F, € D(G(Qp),Fy)

is concentrated in degree 0 using Assumption [10.1.4, We know that j, x1F is ULA
by the proof of Corollary 8.5.4) and it follows from the proof of Theorem [8.6.3]
that j, x 1 F € pD(Buntjk,Fg)(%O. From [HL23| Proposition A.4, Proposition A.5] it
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follows that j, x1Fs = (juk1F)e is also ULA and contained in pD(BunG,k,E)%O. It

now follows from Assumption [10.1.4] that TL[LI]]:(# =10} g Ty k1 Fe is concentrated in
degrees < 0.

Next, we consider Rj,.F. By relative Verdier duality, see [Sch17, Proposition
23.3.(1)] and the self-duality of F, see the proof of Theorem we find that
Rj, . +F is the Verdier dual of j, . 1F and is thus ULA. By [Sch17, Theorem 1.9.(iii)],
we have iy Rjur«B = iy, B for [b] € B(G,p™") and iy, Rju B = 0 for [b] €
B(G)\B(G, u~1), and so Rj, i, «F lies in pD(BunG’k,E)gO since F is perverse. From
[HL23|, Proposition A.4, Proposition A.5] it follows that Rj, i «Fp = (RjuksF)e is
also ULA and contained in pD(BunC;’k,E)io. It now follows from Assumption

10.1.4) that T,El]]:qz, = 1] y TpRjpk«Fg is concentrated in degrees > 0. But this is

RI(Shgr, o, Fp)g($)[d],

by Theorem [8.4.10] and this implies the desired result.

For the final assertion of the theorem, we note that since we assume ¢ is coprime
to the pro-order of K, taking K-invariants is exact. The result now follows from
the fact that

RT'(Shgr o, Fp)®» =~ RT(Shy o, Fy)
and so that
RI(Shgr ¢, Fe)y” = RU(Shgc, F)m,,
see Lemma [10.1.2] O

Remark 10.1.7. If Assumption holds for both ¢ and its Bernstein—
Zelevinsky dual L-parameter ¢V, then the condition that ¢ is coprime to the pro-
order of K, in Theorem |V_'I| can be removed by applying Poincaré duality. Indeed,
suppose ¢ is an L-parameter that corresponds to a maximal ideal m of the spherical
Hecke algebra H, for some hyperspecial subgroup K, C G(Qp). Then, both

RF(Sh[gc,ﬁg)mv and RP(Shch,Fg)m

are concentrated in degrees > d by Theorem Here m" is the dual maxi-
mal ideal, corresponding to the L-parameter ¢V, see [HL23, Corollary A.7]. But
since these two complexes are Poincaré-dual to each other, it follows that they are
concentrated in degree d.

10.2. On the t-exactness conjecture of Hamann—Lee. In this section we will
discuss under which conditions Assumption [I10.1.4] is known to hold. Throughout
this section we assume that G is quasi-split, and we fix A C T C B C G, where A
is a choice of maximal Q,-split torus, 7" is a maximal torus, and B is a Borel.

We let X, (T) denote the cocharacter lattice of T over @p, equipped with its
action of I’y = Gal(Q,/Q,). For a coroot a € X,(T'), we will consider the Fy-valued
representation o of YT, which only depends on the I' p-orbit of a, see [Ham23|
discussion after Definition 2.14]. Given a semisimple L-parameter ¢r : Wg, —
LT(Fy) (a toral parameter), we will consider the compositions a o ¢r.
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10.2.1.  We recall from [HL23, Definition 6.2] that a toral L-parameter ¢7 : Wg, —
LT(Fy) is called of weakly Langlands—Shahidi type if for all coroots v € X, (T'), the
cohomology group

H?(Wa,, ¢1 0 Va)

is trivial. We also recall from [Ham23, Definition 1.4] that a toral L-parameter ¢ is
called generic if for all coroots o € X, (T'), the complex

RI'(Wq,, o1 0 Vo)
is trivial.

Remark 10.2.2. It is explained in [HL23| Remark 6.3] that this condition only
depends on the composition ¢ of ¢r with the natural map “T(F,) — “G(F,) of
[FS24] page 335]. We then call a semisimple L-parameter Wg, — LG(Fy) generic
(resp. of weakly Langlands—Shahidi type) if it can be conjugated to factor through
LT(F,) via a generic (resp. of weakly Langlands-Shahidi type) toral L-parameter

o

For G = GL,,, a toral parameter ¢ is a direct sum of characters ¢; fori =1,...,n.
The parameter ¢ is of weakly Langlands—Shahidi type if ¢; % ¢;(1) for ¢ # j, where
(1) denotes twisting by the mod £ cyclotomic character of Wg,. The parameter ¢
is generic if ¢; % ¢;(1), ¢; for i # j, see [Ham23, Remark 1.5].

10.2.3. Hamann and Lee conjecture that Assumption [I0.1.4] holds for toral L-
parameters ¢ of weakly Langlands—Shahidi type, see [HL23, Conjecture 6.4]. We
will now prove a special case of this.

Let B(G,u ')un be the subset of unramified elements in B(G,pu~ 1), i.e., the
intersection of B(G, 1) with the image of B(T) in B(G) under the natural map
B(T) — B(G). As explained on Page 98 of [Ham23], the set B(G,u ')y, always
contains the p-ordinary element [b,] from Sectionm The result below is inspired
by the arguments in [Kos2la]. We thank Linus Hamann for suggesting its proof,
any error is due to us.

Proposition 10.2.4. Suppose that [Ham23, Assumption 7.5] holds for G. If
B(G, = un consists of a single element, then Assumption |10.1.4| holds for generic

parameters ¢.

The assumption [Ham23, Assumption 7.5] is stated as [HL23, Assumption 4.4].
See [HL23| Theorem 4.10] for a list of the known cases of [Ham23, Assumption 7.5].

Proof. Let ¢ be a generic semisimple L-parameter and let B € D(BunGk,E)gLA.

Then it follows as in the proof of [HL23 Proposition 4.15] that ij , B = 0 unless [b] is
unramified (using [HL23, Proposition 4.5, Lemma 4.17]). Since B(G, u™ )y, always
contains the p-ordinary element, while by our assumption B(G, 1)y, contains a
single element, it must be the p-ordinary element [b,]. This reduces the statement
we want to the t-exactness of the functor

i1 Ty, - D(Bunly), o)y — D(Bunl Fy)y ~ D(G(Q,). Fo)s.
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In fact, this holds even before localizing at ¢, which follows from Lemma[10.2.5 below
and exactness of the unnormalized parabolic induction. The latter is a consequence

of the second adjointness, due to [DHKM24], Corollary 1.3] in our setting. O

For the p-ordinary element [b,,], we have (2p,,) = (2p, ) = d and the group Gy,
is isomorphic to a Levi subgroup M of GG, the centralizer of the slope homomorphism
v, in G. Let P be the parabolic with Levi factor M containing the Borel B~
opposite to B, and denote by Indgggzg, the unnormalized parabolic induction for P.
In this case we have a simple formula for the Hecke operator 7 ip, 1(—).

Proposition 10.2.5. Let [b] = [b,] be the p-ordinary element. Under the isomor-
phism
D(Gy(Q,), Fe) =~ D(Bung, Fy),

the functor
i Tiny(—) : D(Bung . Fy) — D(Bungy, Fe) ~ D(G(Qy), Fo).

is identified with Tndgg") (—)[d)(4).

Proof. Applying [Ham23l Lemma 11.3] to [b], we get the formulalﬂ
i Tyiny ~ RU(G,b, 1) @5,y (— ® 6)[24),

where 7 (Gp) = C°(Gy(Q,),Fy) is the usual smooth Hecke algebra, and d; is the
character G,(Q),) — F," as defined in [HI24], Definition 3.14], such that the dualizing
complex on Bun[Gb]JC is 51:1[—2db], see [HI24 Proposition 4.1, Corollary 4.6.(1)].

Note that the triple ([b],[1], x~!) is Hodge-Newton reducible in the sense of [GI22]
Definition 4.5], cf. [RV14] Definition 4.24]. Pick a representative of ;! that factors
through M, and write u; for its M (Qp)-conjugacy class. Denote by [bas] the
par-ordinary element. Then ([b,], [1]) is the image of ([bas], [1]) under the natural
map B(M) — B(G). Now, according to [GI22 Theorem 4.26], whose proof works
verbatim replacing Q, by F,, the cohomology of local Shimura variety Ma b 00 18
parabolically induced from Mz p,, 11,00 in the sense that

RT (M o0r ) ~Ind0) (RT(Mspyg oy 0 Bel=2d]) @5 6py,, )

Here 0pp,, denotes the character of M (inflated to a character of P), defined in
[HI24, Section 3.1.(3)]. The identification of dpyp,, with the character x in the
original formula follows from [HI24, Corollary 4.6.(2)] for 8 = by;. Plugging this
into the expression for the Hecke operator we get

k- G _
G T (=) = Indpggz;RFC(MM,bM#M,OOv Fo) @p(cy) (— © 0 ® dppy,)[d)(9)-

Since HJT/[l is central in M, the space that parametrizes modifications 51\1/[ -—> &
of type ,uﬁ of the trivial M-bundle &}, is just a point. But Mt bas pias,00 18 the

35See the discussion before Corollary for the definition of RI'.(G,b, ). Note that in our
case Sy, ~ F,[d](£) by Remark
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M (Qy)-torsor over this space which parametrizes trivializations of the bundle &, so
it is isomorphic to M(Q,) = G»(Qp). Hence

RFC(MM,Z)M,/LM,oovFZ) = %(Gb)[()]

On the other hand, in our case, the diamond groups (~?b>0 and C:’I?(OJ on [HI24 Page
22] agree. Therefore, comparing Proposition 4.4 and 4.5 of loc. cit., we see that
0y L~y Py - S0 the formula above further simplifies to

% . G
i T (=) = Ind 2 (—)[d)(4).
O

10.3. An example. In this section we apply Proposition and Theorem|[10.1.6
in an example. Let F be a totally real field of degree d > 1 and let 7q,--- , 74 be the
infinite places of F. Let H be an inner form of GSp, ¢ and suppose that

H QF,; R

is isomorphic to GSpy g for ¢ = 1,...,r and has R-points compact modulo center for
i=r+1,-,d, with 1 <r <d. Let Gy = Resg/g H and let Xo = [[{_; Xa; be the
Shimura datum where X ; is the usual Siegel Shimura datum for H ®¢ ,, Rif i <,
and where Xg ; is trivial if ¢ > r. The Shimura datum (Gg, X2) is of abelian type and
the corresponding Shimura varieties have dimension 3r. They are moreover proper:
Because r < d, G3 is Q-anisotropic.

10.3.1. Let ¢ be a prime number and let S be a finite set of places containing ¢,
containing 2, and containing the finite places ¢’ such that H, is not isomorphic to
GSp, g, for some place v of F above ¢'. Let K C G2(Af) be a neat compact open
subgroup that is hyperspecial away from S and let T be the spherical Hecke algebra
away from S with coefficients in F,. Note that T acts on H(Shx (G2, X2)g, F¢) and
let m be a maximal ideal of T“. For a prime p ¢ S this induces a maximal ideal m,
of the spherical Hecke algebra of G with respect to K. Let E be the reflex field of
(Gg,X3) and let E be an algebraic closure. The following is a corollary of Theorem
L0. 1.6l

Corollary 10.3.2. If there is a prime p € S that is totally split in F such that ¢
is coprime to the pro-order of K, and such that the maximal ideal m, corresponds
(see Section|10.1.1) to a toral L-parameter ¢ that is generic, then

H'(Shg (Gg, X2)g, Fe)m, = 0
unless 1 = 3r.

Remark 10.3.3. The assumption that ¢ is generic can be rephrased in terms of
certain ratios of the Frobenius eigenvalues of ¢ not being equal to p or 1. To be
premse by our assumption on p we have G = Hl 1 GSp, and if we identify G =
GSp4, then our L-parameter is a product ¢ = szl ¢; of unramified representations

i - Wo, — GSpy(Fy).
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By abuse of notation, we will also write ¢; for the composition of ¢; with the inclusion
GSpy(Fy) — GL4(F;). The assumption that ¢ is generic then comes down to the
following: For all ¢ the element ¢;(Frob) has eigenvalues ay, - - - , ay which satisfy

oo ¢ {17}
for j # 7.

Proof of Corollary[10.3.3. Let p be a prime as in the statement of the theorem.
We will now explicitly describe an auxiliary Shimura datum (G, X) of Hodge type
for (Gg,Xy), following [KS23, Section 12 of version 1] (see also [Del71, Section 6]).
Let L be a quadratic CM extension of F' and let z — x¢ denote the nontrivial
F-automorphism of L. Let T = Resp/q G, let T, = Resy /g Gy, and let TL =

Resr/q Rele /P Gy, where
Rele/F Gy C Resp p Gy,
is the norm one subtorus. We define
SimLZGQXTL%TXTi
(g,t) — (sim(g)ttc, t/t°),

where sim : Go — T is the map identifying T as the maximal abelian quotient of Gs.
We note that the kernel of simy, is given by the image of j : T — Go x T, where j
is the product of the natural embedding of T as the center of Gy and the inverse of
the natural embedding T — T7. We define

G1=j(T)\ (G2 x Tr)

and note that it comes with a natural surjection simy, : G; — T x TlL, which identifies
the target with the maximal abelian quotient of G;. We then define G to be the
inverse image in Gy of G,, X TlL C T x T}. We identify the base change of G x T,
to R with

d d
I[1H ®r~ Rx ]S,
=1 i=1

where S = Resc/r Gy, is the Deligne torus. This allows us to define a Shimura
datum for this group, which induces Shimura datum X for G; see [KS23, Section 12
of version 1], where it is also shown that (G, X) is of Hodge type.

It is explained in [HL23, Section 5.2] that torsion vanishing results for the Shimura
varieties for (G, X) and for generic parameters imply torsion vanishing result for the
Shimura varieties for (Gg, X2) for generic parameters.

Recall that we have assumed that p is totally split in F' and that p € S. If we
choose L such that every prime of F' above p is (totally) split in L, then the group
G is a split reductive group. Note that this implies that B(G, ')y, consists of
a single element and so the desired torsion vanishing result for (G, X) follows from
Theorem |VI| and Proposition if we can show that [Ham23, Assumption 7.5]
holds for G.
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By [HL23| Theorem 4.10] we know that [Ham23, Assumption 7.5] holds for GSp,
(since p > 2), and it is straightforward to see that this implies that the assumption
holds for G = GSp¢ and for

Go x Ty, = GSpd xG*4,

using the compatibility of the Fargues—Scholze local Langlands correspondence with
products, see [FS24, Proposition 1X.6.2]. To deduce [Ham23| Assumption 7.5] for
G1, we argue as in the proof of [HL23, Theorem 4.10.(2)], using an obvious variant
of [HL23, Lemma 4.9] for G;. Finally, [Ham23, Assumption 7.5] for G is now a
direct consequence of [HL23l, Proposition 4.8] because G C G has the same derived
and adjoint group as G. O
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